


Lecfure 09/07 ' |ntroduction

“Logistics
- ¢s.cmu.edu/~sand holm/cs|5-888F 21/
- Tuomas Sandholm, Gabriele Farina
- 50% project, $0% homework, 10% parficipafion

“ No fextbook

“Multi-step imperfect informotion  games
- Most similar fo feal world - inomplete  information, SezluEIrfia//SimulTaneous moves

-Heart of problem
| agent: expected utilit maimizing sfmfegy well-defined
- Multi agent: best ﬁm’rec)j depends “on  gthers

- Terminol 09 Y
~AgenT
- Action / move
i STrafegj Si

© player
¢ choice agent can make at any point in the game
* Mapping history (from agent ¢ pov) > dcTians
Strategy set S Strategies avalable Jo agent
fmt‘eqy)

- Strategy profile (5,5, -, 5p) : one rhafeyy for each agenf (thogh rafure ¢ afess
- Utility U= U(s, 3, - Sim), can indude nalure for uncectainly

-Agerﬁhood
“Ngent wanfs fo maximize expected atility

UTI'ITY fUV\(Tl‘On Vi of agenT ( MGPS OMTCU’)\ES fo reqk
- Utility " functions are scale-invariant

“Agent ¢ picks  MaXgy o, Zotame P(ouTcomelsfmieg)) u; (outcome)
f w =AU tb for a0 then agenf picks same Strategy under u;, and u; —r}ofe U must be finfe
Infer-agent - ufilty comparisin - problematic . compansans fo wark
“Game ﬁeprEye/ﬂaTion o L combinatorial LL LR RL RR
. ] S explosion IR
ExTensNe/‘f'ree form Op/\ggg’% ’ p|5e| 28] 58| v
/

- Matrix /normal / strategic form
= other plager’s fl'raTcyy

- Dominant strafegy equi hbriam 5
: S_J 2 U; (Sl// S_()

- Best response s = forall s{, u( (
Dominant strategy s/ : s” is a best response for all s, ie ¥s. Vs ufshs.)zuls)s.)
“Doesn't always exist

- [nferior sfmfejies are dominated
“Daminant Sfra‘fe” ezlu:’llbrj'umi sfm‘re” profile where each ayenT has P/cked dominant sfrm‘(’yy

- Doesn't always exist
- Requires no Com’rerspeculaﬁbn

* Prisoner'’s Dilemma
C D

c[33]os| Dominanf sTmTeZi is (D, D)

D[so | L




Lecture 0907 cont

‘Nash  equilibriam
‘A strategy equilbriam is @ Nash equitbrum if no player has an incentive fo deviate
from their Strafegy given that others do nof deviate
For every agent i, w;(s%5.)2 w(Sisl) for all s, i, for fixed s; ¥/ W(s]5.)ZUfsi)ss)
* Dominant 7 Nash, naf vice versa
bovirg ballet .
boxing 2,1 ¢— 0,0 Nash equilbria
ballet 0p0 —» 112 (boxing, boxing) , (ballet ballet)
(riticisms
‘Not  necessarily unigue
- Refinements “(strengthenings) of ~ equilibriam
Eliminote - weakly dominated s rafegies
- Choase Nash w/ h/yh?ST welfare
Subgame per fection
~Focal points

‘Mediation
- Communication
: on
earnin P
Does nat exist in all games 91 €ho
“Existence of pure=strategy Nash equilibria
. Theorem . at every point; agmf whose farn it s
Any ﬁmTe game / to moye knowr " al| moves so far

where each action node is alone in ifs information sef
is dominance solvable by backwar induction (as long as fies are culed ou)
Prodf by construdtion, multiplager minimax

‘Mixed - sirafegy Nash equilibria
~The essene of being  simultaneous is knowledge
- Still can drow same free, just Plager 2 doesn’t  know which sfafe They are In

- Dashed line for informatin ~ set
move * Bages "Nash  equilibrium: each agenf uses berf-response sTqueyj and has consistent beliets

P_—00
e FT="), . RPs has symmetric  mixed-strafegy Nash equilibrium where each plager plays each
nformalion SEL> "'F,i-':' pare strateqy with probability ’

P, doesn’t know 9,0 . . o WAy . r . -
(m;hw; ) In a mied-sTraegy equilibrium, each sfrafeqy in agent s mix has equal expeded ulilty

=9

‘Existence and ~ complexity of mixed strafegy Nash eqw’h’bm
[ Nash 501 Every finife plaer, Finite sfrategy qame has af least ane Nach equlibria if we admif
mixed —sfm’reyy equlibria " as well as pure
- 2-plager 0-sum - palyﬁme w/ LP
+ 2~ player games PPBD-comple’re (even with o/ quOFF:)
™ Np- wmplete to find even  approximately 9<md Nash etlw'hbn'a
' 3-P|ayer games FIXP- complete



Leclure Q%07 cont

“2-plager  Q-sum  games
Swappability - if Oug) and (xiy") equilibria, so are (<,9) and (x4
*No equilibriam  selection problem
-~ Equibbrium strafegies form  bounded  canvex  polytape
‘Any conex  cambination of a player’s ectw'l/bn'um sTraTcyfes is an eq/wlibr/um sTmTeyy

'[V(M Neamann ,ng_] Ml‘nmax -ﬂ’)m set SCR
n <
- let XcR", yeR™ compact canvex sets, - Compact: every sequence in 5 has subsequence
' ! : _ converging “fo a point in 5
If £:xxY =R conTinuous concave-canvey TR cariains e scgment befween any 1 poirfs in %6
fl,9) concave for fixedy %6 €S, 04051 9 O t1-0ES
flx) covex for Fixed x D O"_ inferval I, . i
The . concave : ¥mET 0000 F(0xt(-0x) 20 £ T-0)F (%)
. N , ) : «H-00) €0 F(x,) 1 (-0 £ (x
min _ min max convex : ¥xx€I 0efo,] fOxt0-00)<0Fix) 1)
;Véq))(( yE‘I +(Xd) = yG’Y x€X ‘F(Xd) 1od
expe\salue

‘Greaf for multi-step imperfect information games
’OPP"”""T can plqy non-equilibriam to cause our belefs fo be wrong, but net enw7h To raije EV

- Solyable in  polytime (size of game tree) using LP
“Game tree may be infeasibly huge, 10% <9

Lecture 09709

- Comparison
Simulfaneous  Games Setluen’n'al Games
Anm Q
(onvex polyfope (onvex Po|y1bpe

Mati-Bilinearity - of expecTed Mmi‘fj Matti-Biliearity  of e)rpeckd u-m,'y
Nach equi in 2plager G-sum is ey il X Nash js now o in XTA
Y xea® yea® " 1Y XEQ, YEQ, j

Low # of verfices Combinatorial # of vertices

-Set of actions A
- Sfrategy is probability distribution over A

xR
x= (XP)ZO where  XgtXptX=|
Xg

IA
X EA ! X = (*Ig,)ﬂp/xls)
X2 € Am' Yo = (%o %ap, s )

- Nash equi in 2-plager O-sum  simulfaneous
P commits To STmTey xeA”
R
B can expect to receive ulilify 900 = - u, by '3"3 Xhy*

Plager | in Kvhn poker quyer L in  Kuhn poker

by
?f \&

X pet
e b
L L

'Sequen’n’al Games
-Decision nodes 0
‘Observation nades X




Lecture 09/0F  cont. (alculating expected ufility needs product
~N7 N biliti
- Behavioral sfmTegy (01,09, 055,05; -, 1.9,0.0) ";';"Ze mteé :r:nche:
“(auses non-convex  problems  because objective  conains produds of own variables
'Sequence farm sTque” (01,09, 0.5x01,0.5x04 ; ..., 1.0,0.0)
-Pre-mu IT.'piy

0| b 09 0| b 09
3 b - c b
i 4
os/l ‘0-5 005 / N 0.05
A A S

Check goes from “sum B 17 To sum o Pﬂrmf’,
‘X is a valid seq, form sftm‘eyy iff

O xz20
@ Zaen; XLial =X[R] ¥ hote pj of a j with no
@ x[¢1=) parent 'is dented” pj=p
“We dendte valid seg, form strifegies  as Q
- Peterministic STauTe ies e
-T=Q0NLo0" Whee n=11ZA flip all i
“Lemma : Q= convex hull of T = {P ‘, oins upfrorf , sume Hoing
-USually T exp in size of Tree flip cains as needed

Inductive @ construction

K
5 0=Q,xQ,
AN /AN
J
N \-N Q: ()\/l-?\/)\‘lu("»%) }
A A . ()\,|’)\)€A1/ q‘€Q|/(l1e@10

= convex hall of (é’—)/ ('3 )} — = verfical j
o/ \a,

'Only 3 operations
- “Cartesian product
* Convex hull
' “Paddmy"

Lecfure 09/14

“Regret : Jook af game hisfory, do we regret any action Taken

- The P}q,er hqs learnt 1o P|ﬂy the yame HJ/)C‘SI hf
when looking back af the history of play, M Tionglite
they cannot think of any Transformafion ¢:X>X of their sTmTegies y
that when applied to the whde history of play would have given a stnctly bettfer ufility fo the player



Lecture OCf/ 4% cont: One t =one game, €9.,0ne Pokff /mnd
@'re7ref minimizer for set X /

‘A devie where ot every fime t
© NEXT STRATERY : oufput fhe next strafegy xtEX
@ OBSERVE UTILITY (Y © £ X~ R linear funclion where Xt scores a ufilify of L5(xY
'Qualify metric : P-regref
T A
E;; = ggg Jch [xf(qxx))—lt(xf):l
- Goal

Have 9uaranTeed Rz =0(T) no matfer the sequene of uTihTy functions
Note that & s a set of funcions from X fo X

-Notable choices for @
- & is fhe sef of all mappings XX
- “Swap regret minimization”
~(onverges to  Comrelated Elluilibn‘um
i romal form and extensive form general=sum, miphyer
- F =1y AbEX]  where %y (K= X If x#a, b if x=a
- Internal reyref minimization”
-~ Only one  sw
- &= anstant functions from X 1o X
- P={bRex]  where $pX)=R ¥xeX
““Exfernal regref winimidtion”

“ln 2-player 0-sum games (extensive form/narmal form)
then exwzérnql—regref~minimi—zin9 strafegies
converge To Nash equilibriamn  (in averages)
Nie, maybe no shifegy converges
bat The average of all struTegies will

“In" general-sum  multiplayer games (exfensive form vormal form)
then exft’makreyre’rmmmiung strafeyies
converge  To a caarse correlafed eiwll'br/um (in empirical ﬁeium(y)

“In general -sam  multighyer g am,ey\ mebitor enfores o cerfain sl

i all bwf one P|q7er stochastic
and |ast P\ﬂyer uses rer;/‘eT mmimiziry strategy
then last plager  strategy” coverges “fo best resparse

[ Gordon, Greenwald, Narks 03]
WANT: @-regret minimizer for X, Re
HAVE :Qan exterral regret minimizer for &, "R
Ofr any €€ we hwe a fixed-poinf oracde, X3x =¢(x)



Lecture O¥IY cont
- [Gordmn 08]) cont

Algarithm '}3@ at €ach fime €

O NEXT STRATEGY
¢t &« R NEXT STRATEGY
refurn xte PT(xY €

@ OBSERVE yTILITY (LY)  £T: X—> R linear
define Lt ¢ 2t (b)) PR linear

/Roessevs vTIaTy (Lf)

- Rg of R
§R;= :;‘" g[z $))- 9]

- e i[gf(cp(x*))—[‘ ¢ (x*))]
5% E5®)-L(9)

]

h

\\S‘rraJ[e?ie;" ¢ fr R

Lecture  09/]6

Bilinear saddle-paint function

Mmax mip T
xeX yeY X Ay

“Models
- Nagh eq, in 2-plager 0-sum games
‘0-sum feam games
Optimal correlated ealwh‘bmm
-Idea: self-P\a)

“Have: Ry exferndl re 7r>e’r minimizer for set X
Ry external Mégret  inimizer for et Y

-1 t+4
x‘€X ATyf

——r——) -’?
SRy )Y ytey @ﬁ
Nt

“Saddle ~paint 9qp"

¥(%9)- (9  5Tag -x"g)+(x'hg - 55 ¥h3)
X Y 20 29

Y often called ex,oloﬁabilﬁy

via fixed point  oracle

external regref gn the sef of




Lecfure Q9/16 cont
RY = B 2 (WY (5x9 = 55 L, XAy -2 L, (T ¢
Ry = J =L (CANgy) = ey ST Ag r2L (<TA S

RITRS = Fex 28 RNt + 485 28, DTAS
= Fex 2L #'Age- FAST YA
= T[2% AL y)- 58 GLlAg]

= ¥(x,3) where

WA —’-4 (Xl/‘“/%h) Eﬂzgo : X/*"'*le}

~Goal* nstrud an external regret minimizer for A"
- NEXT STRATEGY  qutpul xt€a"
-OBSERVE UTILITY (29 4% &"=R linear

R™= g 12, [Xw-£0] = O()

' Blackwell  game
(09 u,s)
"X,y are closed convex <trafegy spaces

Ut XxY =R biaffine uTiliT] of the game for plager |
S is & subsef of R, Closed and “convex, farget set

* Blackwell - dynamics
®Player | picks an action xT€X
@quyer 2 picks an action yféy
@Player [ incrs pagoff (x5 eR’

- Blackwel| 9oime gal =L ulksy9)—=S
',:'e'g’ ”';2 u(XEyf)—S‘”zﬁO as T—0o
o
' F.': (An/ R J Y, Rso)
J ¥ |
u b1 =2 -<HXD L €R where 17 (1)eR
RT= e 2l R 2L 5RY)

.
Lemma o< fern N2-32L ulst ey,
L— L —

~
distance 0T #Eu(xlﬁ?t) fram S




LecTure Q9/16 cont

H <! half space
H={ heR: aTh Sb} for some a€RS beR
- Forceable huIFSpace
H is forceable if JIX™€X a Farcfn\g action such thal

’VtyEY u(x;y€eH

~ Thm by Blackwell
Blackwell goal can be obTained If every halfspace  H25 /s furceqble.

At every £, Player | plays like This:

0] Compzﬁ d>f=yf"—7 Z.’;f uy(x‘,y‘)

® Project P onto S, call the proection W*

® If #tes, equivaler@ Y =4% then play any XEX

® Else consider the halfspace H* tangent o S at ¢t and contains S, then p\qy any Fartjn7
action for H*

© Observe yf/ (heur u(xfyf), and {‘eme,
t

b geJr Ul Averdge
\@ in The sef
Proof  sketch

¢t ¢t + L u(xhyY
dist (7 5)< | 9"~ ¥
=) BErsubdd- ¢, note P-EyirEYS
=1 % ¥ (- vk
= (&)t i ) s P+ Bt KPS ulyy-vY

Use alg consfructon

. 1 . t 'Qf-')’ g S T h <0, so
So dis (95" < dt ()0 * & - ™ pe gt

ot = (t-1) dist (4’5 5t Ve
afeat+ol) =7 4t=0t) o
oft)= (€-1)" dist (9%5)°

= dist (SPj S) =O(ﬁ)

:Blackwell for 7 game edrher
© =20 ulh 9= 1 Ze - 7L
® S=Rs , V=[]
Q IF ¢tes o amthiry
OIf ¢t#4t Ht=|zeR ;sbf- )Tz <0f
[ 6])2 <0
(e )T Z<o



Lecture 09716  cont.

s it frue that Y& there exists X~ st BLER”
ux™ e en”

&7 ([cpr*) (z_oz,x*?z <0
T[<P‘J 2T ([997) 1 20

cm

U g ~ AT <0

x_ [O]T _ n
oz 2

Lecture 09/2|

: A\goriﬂ)m
‘At every t,
@‘Pt@t‘lz u (X529
@ ¢t < [¢T I
@ If $t+ot then Pla) TET e
else p)ay any paint in &
@ Observe L% and iferate
= (t-) F

'Ee?rt’r N\a’rchmg

r <-o e""eb

ﬁmc’non NEXT STRATEGY ()
0t elrg’
it O°F0 then oifpit ToELS
else oufput 7160

Ffunction OBSERVE UTIuTY (£)
e et gt -G 1
‘In pradtice, faster to [-T" the updates

'ReyreT circuit for (arfesian  Froduct

-Seﬂing
Sefs X and Y
“Regret minimizers ’Rx/’R/
-Goa)
- Regret minimizer for XxY ={(x/7)-'x€X,7EY5
- fnction IVEXT STRATEGY functian  OBSERVE VTILITY(28) where L5=(1% 1Y
x € Ry.NEXT STRATEGY Ry. orserve yriLity (£Y)
yte Ry NEXT STRATEGY Ry. asseeve  vriary (2'\?,)

Qutpuf &*y9Y



Leclure 09/2| con.

T = max A
E xy) Zt )<2Xt/£jt) / ) _@X/Ry ()(-579
S e e gy

@"j;ij‘i(zf,xx zx)+(2 TG 79}
- [ 22, i) T [ 2L 55

= /ZX“L RY
2
(e Ay
A 4t

'Reyr‘eT circait for (onvex Hu}/S
'SETTiﬂg
Sefs X andY
‘Regret minimizers Ry, Ry
- Goal
. geqfef minimizer for CO(XY)=<)\,X+)\13 x€X,y€Y, /\EA] eR”
“Nee
Any r‘e7f€T minimier 'Ry for A

- function  NEXT STRATEGY
x € Ry.NEXT STRATEGY
yt < Ry NEXT STRATEGY
Nt Ky NEXT STRATEGY
Output X« N

function  OBSERVE VTILITY () where LE=(4¢ 1Y,
Ry. oBserve YTty (£°)
‘Ry. asseeve vty (g%)
R 08eeve vriTy (25)
where 25 5 (Ad) = A () + 2 R LyY

R =adakn 26 (872 - 20ty ]

= ”“ je ST [J‘T()\,H?\ﬁ) x‘T(Afx‘M" )
l)\. ZT ltTA"’ A\, zf ) } Zt g NS ﬂ
'\E'; t )‘(xexzt'l )_f)“[::';zt—llt )I 2l & ("“t”':ft)
i '&Z 1A (RTth‘ ltTX)ﬂ\\(R‘Ifzt lj‘ f] 2{: ) & )\,x+ *)
¢ fee IAEL e YA B 1) - 2 (Af 88%) + max |RT pT}
= }zt AT+ 2yt )‘tl{rxf Aot 4.} + max {RIRY)

max
Aes 2 &
|2 t mmx{k R\,] (i::it) (:: ’3)



Lecure 09/2( ot

Recall inductive @  construction
~(an essentially ignore qud@ in convex hull

CF

Need Rj for every decision point j, a regref mimmizer for &

~fn NEXT sTRATEGY ()

be<(anstruct behavioral STmTeqj that Pi(k; adions A ot each | with Praba\oiln} RJ'. NEXT STRATEGY ()
oufput sequence form representation xt of b
Fn OBSERVE UTiTy (1Y)

At €ach J , ConsTruct the IAjl dinensiopal witility vector
R.j [(]J = /Q,t[JG] -'- §J,G’>ja Xt[\)"a’J' X’-t[\')(a/

Leclure 09/23" JSpeeding up CFR

“This lecture covers SOTA ~2019
~Convergence of CFR

- Cumulative  0(I7)

“Average 0F)-=0(%)

'Ted)mQMe - Alfernation
“Normal CFR: updafe agent | and agest 2 based on opponent strufegy in t-I
‘Now: update dgenf | based on agent Z in -,
updafe a?ern‘ 7 bused on agent [ in €
'Converger faster in praciice, st meble 0(/F) cumalative regret  [Burch Tair(4]
“Motivation * updafe each agerit based on pewest rfmTeqj of each op pariertt

- Technique: Ee—weigbh‘ny
: mewn/ Sand holm, AAAIIT)
" Mofivation
- (FRt was fustest, but has limitations

[Heration probabilities %3,Y3,Y%
o )| epected rewand s -333333
Ay Cexref O update regret as action ev-achieved €V
reward o regrety orerets become 333333 , 333 33, -646 667

T
Meward | cex;;io o 2 probabili fies h,'%,0 floored To O

expected reward =05
update regret becomey 3333015, 33345

- (auses CFRt to fake 71697 iferafions to learn fo pick middle  with 100% Probabilif/
- Solutian
* Discount early bad  [ferations’ regrefs and duerage Sfmffgy loy wely}ﬁmj tferafion € by T
- (alled Uinear CFR
‘Takes 970 iferutions fo learn o pick middle action
- Warst case  canvergene  bound only {ncredses by Y



Lecture 09/23 cont:

“Theorem. For any sequence of nondecreaw? WGLVMS
O Suppose T itertions of RMt in 2-player 0-Sum games

® Then weighted avg  strikgy profile, where ifervifion t is weigkted proparfional to w70 and wi<w

for all ¢¢, is a
Z‘Ag,w( DITIIA IT- Nash eczuu'h'bn'um
- At least for now, spart reweghfing doesr't  seem o pay off
" Too much To stfore

- Time comld be §Perrf on J'Msf do;‘ry more. CFR

“Linear  CFRt
“In Theory, yes

“|n PracTice/ does very P"“'l]

- Di's cowrifed Cﬁ? ,d less ngress)'ve combination  (DCFR)
-On edch feration,

'mul’r/ply positive regrets b f.:—,
.mul’nply negative /r‘?;re’rs byyfar ;
- Weight “cantribufions o average st raTeylu b] (&)

For K15 =08 consisfently oufperforms (PRt in proclice
- p=®'= ng df’scvmnTuhy= vanilla CFR

“R= = [inear CFR

p=-tc = (FRT

“Worst case converyence bound anly a  small concfant worse than CFR
(FRt also works better when assgning iteration t a weight of €* than 1, empin<ally
- The relafive ranking is - mostly the same acruss games tor the empl‘n’cal yraph shown

‘Monte (arlo Lipegr CFR

- (FRT, DCFR do poorly with sampling
“Linear CFR does quite well  with gqmplmy

“DCFR 2 Cret, was SUTA in |arge imper fect informotion games
“Linear  TODQ  CaPY

'Tf’ct’)mque’ Dynam{c Pf‘wm’ry

-Why ‘naf permanent  pruning like of pruning i PerFecf information 3qmer7.
- Game Tree can change!

* Cloanctet 1cMLoq] Partial - prumin
“If apponent’s  probability oz reaching there is Q, safe fo prune



lecture 0923 cont

* [ Brown, Sandham Neurlpsis) |nferval Reqref Based Pmnmy
“Nso prune paths That agent reaches with 0 probabilify
- Must be Temporary’
“Action a€A) ~such That o%(,a)=0
‘Known o will_not be plaed with positire probabity urdil fac future Henrion T’
‘In RM, Rl ®<<o
To find t) project conservafively or check dynamically
So we can prucractinafe in decding whaf happens before a on iferations T 4, . £/~
'Vpon f‘chhiny t', insfead of t-t iferations oyer D(I,a) , just one feration P\ayin7 the avetuge
of the opponent’s strafegies in Those missed iferdtions, and “declare we plaged That sfrfegy on
al those missed iferations
- Ml gther P}ayfrf can Paﬂ‘;'oﬂ pne @ gut

- ToTal Eeyre?‘ Based Prwning
‘Check slides for The rest

ﬂfﬂ@ = (5% %5, % )

Space = quantitalin’
/ \" x\hm True
mm/ffgmz %C MMC77' O "

more!
Pt
T FIMB lim <
droPing
Tarinamy / by



Lecture  09/28

‘Recall Regref Miniminer from before
‘NExt STRATEGY  oulpats x°€X SR”
- O8serve UTLITY(RY) LEeR”
R 2L (8-

- Goal : R™=o(T)

Predictive Regref Minimizer
‘NExT STRATEGN (ot €R")
- 08sepve UTLITY(D) LEfeR”

R R 2L ()R- (R

oufputs x fakirg info account a  prediction m" for the next dtity &

- RVU bound  [Syrgkanis 15]
“Regret bounded bj variations in Mﬁ'liTj
RS + BEL MMl =¥ e I
VIl = dudl norm = M ML
= 11,E Wi
. “ “1‘) "“n =||"7_
Wlp > llpw=l-lly  where  g#5=]

“Accelerated  self pla
Setting : ¢&x ;‘e'? XAy

AN
yt
(RS

Ry and Ry satisfy RV bound

S X =20
"y ;“'7“ ZtTa; gt
,mt Ayt
x
My = - ATyt
 Fact. XX,VT) T(RT1RY)
Tsaddle point gap
U(x ) & 'Tr Rx +RY) .
é £ (2004 B 2= IS Ml — § 2T Ixte
TR 2L "27 "7{“* Y2 <allyt-y* " )

€ & (20+ B 2~ IR Y{’:)“ —§ 2L Ixexn” ndfe "ME]LQ [IMigp Bz
P 2L, -y -y 2 allyy I")
< r[ZO\fFHAII,PEf:LH )(t t'" KZ 1," .an

+P Bl Z4eq Il yt- Y CI-3 24 )l yt-f",r

+ Blllap Iy I+ CUAN I )

o
T

IN



Lecture 09/28

‘Predictive FTRL  follow the reqularized leader
- x€ER” convey, compact  sef
" X=R Istrongy convex
“MN20 sfepsize

“fo INTIALIZE): L°<0 ER"  where al everytime T, (7= 26 4
“fn NEXT STRATEGY(mY):

refurn argmaxgex (¥ +m9)5R -7 PR
fn 0BsERVE Uity (0 LEe LT +4°

“Predictice OMD ol mirror descent
" XER" cor\vex and compacf sef
- PIXOR |- strangl ly convex
N >0 stepsize

fo INTIALIZEQ): 2« any 2€X : 7 P(2)=0
“fn NEXT STRATEGY(mY):

refurn ar Max gex ((m*)T £~ J{th(fﬂ 2*'9)
fn 08sERVE UTiLiTY (€9

2t Argmax 5ex ()2 - De(2024)

‘D? @lle) = p@)- ¥ (c)-<v P(), a-c)

f =7l
then De(@ll) = Zhalh = 3ldll - @9
= 3 Jlal2 =% liclly - At
=% Nallt +4 el - A
=3 llc-ally

'argmq)uex 975~ ,‘npw(ﬁnd
argmax%x gx m”x dr;
= Argmax g "),3 %= 2% +T%
=argmax gex =4 I1%- (Mgte)fly
= Proj, (ﬂgTC)
“Thm. Let Q be the range of ¢ over X
xxex P - p(x))
Then ot all times T and for all 7,70
T T £
R' ¢ %M‘L 24; llgtntl| . = i”_l Zt:z JI &= 57|

_) & for FTRL
where c—{ ¢ for OMD

and Il s the norm for which (@ s [strangly canvex



Lecture 09/30

- For FTRL, arﬂmax%x ak- 'ﬁ‘{’
- 9D,
-7

- argms, s - Vi
- For OMD, QArgmax oo (

$he)

‘ argmamex ax- q D(\oD(xll()
= Argmaxgex 075 LYR +4 9915 (Ve (R-0)
= argmaxgey 07K - TR + % o) 8

=AM g ex (+ 5 0)T)% - 3 0®
= Ve (at 7§ ¢©))

- Def. ¥:x<cR—=R"” is “nice”
if the following quanfiies can be compufed i 0  time
® Ve VcEx
© Vi ()= argmaxg aTx- ¥ (%)

“For x€0" a “nice’
Px)=Z % Iog X
ax P09 =11 log %

requlanizer s, amony oTherf/

@ ’ a/?max)@lﬁ" En %% _-Zn" 7“.[09’({/ z{ll ¥¢=l , %20 Y
By Logrunge muh‘/ph(’r Theorem,

L (ox) = 2 0% -Zx;Jogw —k (Z-1)
V L(X/‘x) 0 when
I Lo w =a, “I-logri~x =0
=7 |09 Y= 9.1 K
=7 ¥ = exp (a1~ @)
So VigrE) = softmax(a)
expld)

= ( Zexpad/;

What about P&)=% iy 7
Vokx)= x
But then drgmaxge e a™-5I¥5 is “hard” to solve

‘What apout JquAence form  polytopes
LP(X)‘ &4 E 'a'X[Jﬂ] log xCja)

where qu’s are chosen recum‘ve\y according o

P00 is nie and I-strogly omex wrt Ly



Lecfure (9/30 cont:

-Predictive  Blackwell game

" Befare X Playg/ hey receive Pred(‘cT{on

- (onsider On'y S cone

VERY of the nexf uﬁwj

‘Take K o regref minimizer over set  §°=1yeR":¢yorca uxesf C B,

fn Nexf Stratey (v®)
B« K. Next Strafegy V°)

oufput @ fordng action for HE=4xeR: <x69<0f

fn  Receie Payoff ( u (5y9)
K. observe Uility (b y)

lgnaring v* for nw,
Mmin I3 _mx X7 _ max
A S_X“'L 2@ WaAn . fcco
32 ses, N8I Seste,
ds(FZ vbs9) = 513 - 72 ubsyd)
_ max &5, E3ub4y92
3y s
ax ' T _a
= 568 T T 24, I
= fer T (R 2, <t
87 nB-L, elimingte '3” ih dPMMMoﬂ'w\
¢ =R

Lecture 10/05

‘A halfspace H fhat corifains the target sef S
is forceable if IXEX Xy€Y u(xy el

We call x* a Foru’ny action for H

\A(X/Jl) = Q- R7-)

RT ¢ min , /S\—"fzu(lt, xt)"

T ~ 3eR,

A

Regrd Ninimirer
for R3q,eq oMpFTRL

|

quckmll% Blackwell Game
Rlgarithms TR, w0 R

Different paths to  RM/RM?

[4)2'24

— Pbernet hy’s
Algarithm

_—

=82l GI7- 2L, Y

P@;NT MfCHiny
@ Blackwell “alg
@ FTRL with 31

Predictive Reyef N\GTChmg
O PFTRL with 3lHI}

2 :

eqrgoma’fchig Plus

D with I

Predictive Regret Ma‘khm) Plas & SOTA for

QPomp  with L

Regref Minimizr
on o

(regreT maTchmg)

non-poker

(poker 15 0dd

ih general,

€.9. there are
redlly bad dctions)

prediciive generally
better exet in
Poker where x sqme



Lecfure 10/05  conf

(P)FTRL
fn  Next Strategy (m?)

t-l T A A A
refurn ary)?r?;x {(L +m) X -1 Lp(x)}
fa  Observe\ility (29

“(PyomD
fn Next 51‘/‘47677 (m?

refum 40 f(fhtﬂ? - 77 D (R 2/"9]
fn Observe Uity (£°)
26« T2 -3 D)

“Abernethy a|90" ithm
i Next Strategy ()
0 « R Next Strafeqy()
refurn forcing action x* for H*={x* o640
“fn  Qbserve Blackwe“PayOff (ux9Y)
R. Observe ity (u (599

“For foday, K regret minimirer for S° insfead of S°NB,
and it is either FTRL or OMD ng matfer M or @

- Fact. Define R'(s)= S (09 % -Z @7 x o )
For POMD and PFTRL: WeX R'R) < 4+ Nl el

. ( n p - max. R
fes sz or, SESNB, < Lzuws, §)
Mmax
= Sesng, \724537
i * R — e
= T— g‘é‘yﬂ& th,57‘ Z<£/9)J + l_z/zgtl\et)?
T 3es°nB,

-0



Lectyre 10/05  cant.

- Take Blackwell’s game I
Use Abernethys “alg  To solve T,
R=FTRC, ¢= LI, domain RS,

fn Next Sfrafegy ()
ot A AN (1R - 780 |

FERD,
- SEn |- LR L
T

= Pm‘j[{;‘j (,,] L-t—/)
[N €R%

€
X<

1)

t

tetarn  x

i Gttt a9 K
(Ll 't ukhyy

- Thm. predictive reyreT ma?chmj quardritees regref'
x ’\) h3
"< se BB, Q:’(]S 71 2 lubgy-vell, %7170
¢ N ZIubesyd-v' e

¢ |23 Nupsg -4

Lecture 10/07

~Monte-Carlo CFR : sfandard sublinear method
Suppose only ane leaf nonzero ulfi

é Then all other paths have ufil 0

“|mporTane sampling”

. (:‘Zi) “Coin with 3 faces” (uniform) } can generdiize To PP, p, insfead of uniform
3

Vﬂt(s 1, 1[3

] . . just ﬁ insfeag  of 3
fip 1=(%), 1—>(33‘)/ 3(4,)



Lecfure 10/07 Cont

-An unbiased €stimator for Ayt can be computed bj
O Pick unbiased estimator ¥* for ¢*
® (ompute  AG*
Note: Gt con be very - spaf'se

Ul y)=x"A
('7): z, ze,m,-,,q\ @) (T alyactions o) (7 %) gl ) “ﬁn"%“f';f )
but recall %y already in sequence form
= Z; tormina) UE) x[0}(2)) y[O‘I(?:)] Pchance @
we will show an unbiased esfimlor is
0 Ic’)‘ck 2 wiﬂ')t d»‘sfr'/;guhbn Pehane® y[%:2)] x (o)
onsi| clor _;,_
O Connder - veclor =55 Come ., vedor, | where i) is ER
Thi¢ is known as gatcome sampling

N

-& o~
/ I € /7 7

- The degradation in regret due 1o Samplin
IR™-R7]" s upper baunded by 2Ty (MtM)  with pobability 2 -8 ¥ §€l0))

Proof @ litfle involed, m",‘.;f??'}f ’rna:;im;? it

Azama HoeFfding on martingales

‘But  overal, sampling does naf  hurt much

‘In Pmd/ce‘. for games where CFR can  handle i) just usirg  CFR is faster
buf “for buyf ques/ MCCFR PmFerred for sablinear

- This concludes  CFR, online learning, Now, offline |edrning.
“Nate. First order offline optimizafion has no  theoretical /practical ~ benefits over  anline.

‘Offline 0 ptimi 2at/0n
OFirst-order saddle point  Solvers
@F jrst-order 9md|’en1 descent based
OMethods bared” on the linear programming farmalartion
Tex ¥ X
- Excssive gap Tecbmque [ Nesterod) j

OL) canvergence rate
- Mirror prox [ Nemirouski ] (%) J

fv saddle point

POMD is more Power\ful nowméayr



Lecfure [0/07 cont.

® & Ty = K 9
where 9(><J= ;"e'{" Xrﬁy IS Concave
-Gradient ascenf
“ApAm (V)

- V9= Ay* where y” solution To 2y x"Ay

-(© linear programming
70, gea, X'A nate: sequence form  polytope
= 'h:x r;ln XThy QERISI chh TLIGT
Ry=f, yzo Vi Zaeny Xjal=xp] | x20
IEK"‘ﬁ/ x20 i@ Q={X: Fx=f
Not quite @ LP but min is LP x20

= Mmax,, max, 'F{V
T
F-IV ¢ ATX

“Solvers
 Simplex
*|ntenor poinT/ Barrier 3MGMnTee efror £ ,s_
: EII[Psot'd n fime O(lvy g)

 Payoff malrix  sparsification

- A
A=UM'VT+A  size of sparsi ficafion .
=nmz\) tnne M +one V Fomz A

Ax=(A"F UmV")x
= Ax+ vmUx
= ATY +VM-Tw
=fAxt Vz

AT x= Axﬂ/i

M ?:W
U'x=w
max fT,
~ XN 1
So  sparsified FTv = AxtVe
M—T} - VTX
F, x= i

XZ0



Lecture 1012 SOTA Pracdical Game Abstraction

“Auomated game absraction [Gilpin & Sandholm  EC-06, Acmor]
‘Used in all competitive Texas Holdem ‘l’odaj

or llql'nql N
f E dbstrac /anA
leq;u' librium Finding

I’Q\RAVS'E
Nash &2 Nash

Lossless game absfraction

Information filters
~(an make game  sppaller by filtering The informafion @ player receives

Signal free
*Fach edge corresponds To the revelation of same signal by nalare fo ot feast one  plager

“ Abstraction  alqorithm aperades on it

- [samarphic relation
- Strategic  symmetry befween nodes
,I?ecursively/ fwo leaves in Sf‘gnal tree are fsomom\{c if for each action b/‘sfory in the

gamg, The payaffs dre the “same.
“Recarsively, fwo inferral - nales in  signal free dye \wmorphic 1 They are siblinys and fheir

children are isomarphic
‘Need custom  perfect matching  algorithm for  isamarphism ~ chifdren mort(hmj

“Game Shrink
‘Boftam up  pass: DP 4o mark isamorphic  pdirs TF nodes in Signal free
“Top down pass ¢ qurfl'nj from ‘l’aP af Slgha( ree, P@rfdl‘m Trans formation (merge isomarphic Fu‘fr)

w herever passible

“Thm. To do all Transforms,
- 0n"), n=# nades in signal free
' Vsaally b/’jh(y subljnear “in game size

“ olved Al Challenge Froblem CShi ZLitfman 0] Rhade Island Holdem
. 3| billion podes in game free
- No absfraction, LP  has  TL4225 rows and cls =7 Unsdvable
- After abstraction, LP - has (237233 rows and cols ((SO%23 633 nanzeros)

“Absfraction  runs in | second
CCPLEX barrier Fook B dags, 25GB of RAM  back then  [2006/2007]

‘Exact Nash equilibium
Lossy qame abstryction

*Texas haldem poker
+ 2 plager limit 10" nodes
‘ ‘2'player no-limit 10" nodes

- Lossless absfracton  sfill Too big, need lossy abstraction
10 still eh

‘Uswally 2 oders of magnide, 10" ~lo



Lecture 10/1Z cont.

- GameShrink  can  absTract more ‘@ noft requinrg - a /)erﬁ’t'f maTchiny 7 ’055)’
S| Wins, ) TWiNS, g0 2 | 1 | lo55es g = losseger] < k

- Greedy =7 lopsided absTractions

- Abstraction in Bach Playfr’s @ Tree Sepamﬁ?l; [Gilpin k Sandhalm  AAMAS-07)
 Clusfering+ lriteger programmin
~For every betting rowd i, Tell alg how many bucket k. it s allwed o Generste
* Fitst betting rownd =7 K -means clustering to bucket modes
 Later rownds =7 fun |P To defermine how many children each parent shold be allowed
to have so that fotal # of children doesn't exceed K.

(u’) 0 30,

“Value defermined with  k-means clurfen'ry for all K% eadh parent befure |P

- Potential aware absfaction
- N prior  algs had Prolmbj’if] of wipning as simlaily - melric
- Assames o more bet
‘Doesn’t capture pafential
“Pofential i maltidimensional, 0ot positive or yegalie
“Bottom up pass for round |
L, narm an Transition Prababflﬁy veclor To (Ofdd@) next rawd s buckefs
 Last rond; no more potettial <7 probability of winning assaming  rollait a5 similacty wefric
“See slides for oetails

mportant deas for pactial lossy  abstaction 2907-2083
- Irteger programming
 Patertial - aware
" Impec fect reall

- SUTA: Pdtential Awave Imprfect Reall Absfuction with EarfheMower distance in imperfect infarmation games
“ Expected hond sfreryﬂ,:ehs: €1ui1} is P(wmm"ny)w‘% P(Tjiry)
~0gainst  uniform” random draw of  private cards for gpponert
~ASSuming wniform candom  (ollgut of rendining Pablrc cands
‘Used To cluster hands
“Bat dotwn’t account for hand sireagth
‘Earth maver disfance, distance mefric for histograms
~min st farning one pile infs andther
- Cust = amounf of dirf moved x distane  moved
“Lipear Time in 1D puf challenging to compute in h/‘gbf{‘ dimensions

- Potentid( ~aware absfraction considers all  Fufure ronds, not j'\ASf fipal round



Lectare  10/19  Action AbsTraction

Sep slides

Lecture 10/21 Librafus - SOTA Z-player ng-limit  Texas holdem

‘RlphaGo extends fo perfect informion games only
‘In perfect info games, subgames can be solved with ‘info in Subgame only
‘Not frue in ~imperfect infg yames?

“Heods up (2 plager) No Limit Texas Hold/em
- 10%" s fuations
“Main  benchmark /challenge problem  for J'mPerfecf Jnfo game
-No Al peat humans Pr}or To Libratus

“Libratus [remaich affer prior Al ost)
120k hands aver 20 days & quu/ers
~Jan 1017
- $200k / pros based on performqnce — not NSF/ PrivaTe ralse  $20k base, bat nithing, fop 3 by perf
- Werent confident that LibraTus would win
- Poker plagers are inTensg ready to wake wp/sTop showerng 1o play
(onservative  expenimedf design
Slides for detajls
“On avg human s per hand, Al 135 per hand

Rl vs ML
. No dafa needed

- Dosn 4 assume opponent will behave the same way
‘Nt explorfable

. Librufus
- Pyh Bridges super(amPuTEr

Rules

v
hhirmdron Subgame

ET«'[ ibriam Solver
ﬁndmj

/
bueprint
a

self /mfrwev

- Abstraction
- Same aigoriﬂnm as Tarfanian 8
-Bat wuch finer  abstraction
* Abstracted Player bet sizes, includmy radical bet sizes which were used



Lecfure 10/Z( cont.

‘Equl'h‘bﬂum fl'nd/ny

- Impraved MCCF
System  setup, see

- Subgame  salver
“ NIPS17 best paper
“ 2015 unsafe <su

R
slides

byame Solw'nj

- No Thearefical guaraifees

‘Does well 1 Practice for some  domains

‘Rssume other plaer plays according o blueprial s trufegy
0% Resdve e finement

Pl picks between erering subgame or Taking EV b’uepn‘mL of subgame
016 Max maryin: refinement

Margin, = EV(it,) - EV Eater ]

 Maximine ~ minimim muryr'n

W17 Reach max

Margin e finement

- Mistake by opponent is o gift
- Split gifts among subgame by Iombab/h'l‘y subgame reached

- (an subsTifute
“Nested Sub/vqme
-Sole subfree

Lecture (026

Jelf-improver

lower bound estimates on The 9ift
Solvin
in fealfime for off free aclion faken

Infufion : use opponedts actions as hinfs for where we are weak

See slides for more on  Librdtus

Depth -limited  sub
“Solve o middl

'DepTh ~limited  search

Lecfure 11/0Z

'DeepMmd Sz
- Great talk

game solw‘nj and  Pluribus, SOTA for mulfiplager o lmit Texas holdem
e game"

for imperfect ~ information Game

~What s an action's re()resenTa’rf'onT



LecTure  11/04

~Cerificates i extensive form games
“Deep RL [Alpha -]

* Good pf‘acT/'cal perf

“No explafabilif bounds
‘Bandit regrel minimizortion [ Farina 20

~(ertificaes
'ComPuTe Nash by incremenfally €¥paném9 que free

‘Psemdqume
“Game w/o  knawn ufils 0n all Terminal nodes

- Small - Cerfificater
Small = ON), <<), N=# nades in entire game

See slider...
'N\qfch.'ng pennies, C Terminal nodes
. BC .
‘f N\ C<4:0 rounds Jost under opJf/'m;'fh'C bf’ST respanse
LN A C=¢: % rounds lost

“Inductive case
Let PP‘ P/Gy H =X

o C: C|+(f" (3+C<r
T”H:?;T

xtxlog, G +(l-x)109]6(1 < Upy
(F9+(-9log Gt x log, & < Up 7

o oy S _Gtq
WMT C,1‘C1->(/ GG X/ Pb GtaiGte

logcCTW , 50 P, always wins that much
£0

-Oracle mode

Lecture 11/09

- Shides
Expl
.Next page



Lecture 11/09 cont.

‘Recall MWV, k experfs
Initialize W€kl P'=% and R)=0
for t from | to 0o
select experT J Qccoro\fny To Pf—'
feceive feward f‘f for each expert
0, &< Rt fs

ot

MR

[~ J

P < 3; \

Exp
Experts are sfrafegies, €f is the action ecommended y oper
k experts, n actions Jat fime t
Initialie ¥j€ck, p=%, R} <0
For €=l to 0°:

: . . t-1) ._ Mt
Sele('* an action _: accordfng fo (Zj:ef=i P ).-’pl.
receive reward " for action i
UpdaTe QJ-JQ—{ IQ;"+ ;,T if ) fecommended ¢
otherwise

t

LecTure /11

'Eqw’h'bn'um refinements
- Traditionally from econgmics
Less/no opponent modelirg

“|ntuitively, Nash equi gptimizes for ST/‘Gijg opponedt
- Doesn't  focus on Partr of garme Tree where  dppanent wouldn't 99

‘Gmess The ace

(99 (togo®) w9 (0,0)
N Msequentially ~ifvationsl

T T
"sequeyd;‘ql(j rational”

Nush eq nof equalfy yvod when players make mistakes



Lecfure /Il conT,

‘Guess The ace with gifts

not just remouin
dominated actions?

915t

(0,0) ("ldoglo) (9/9) (—~1v0¢,000)

‘Tremblmy ~hand refinement
|nfroduce € 70
+ For €70, imagine  Comp M a Nash eq- in The game (onceptual framework
fj fact TZaf PUPV] ac on 5 seledez with [ower
bound (srobqb;m‘y f(€)
~Return a limit” poinf of Those Nash eq. as €20

- Extensive Torm perfect eclu.hbrmm [ Setfen 75] Nobe| prize

“flo=¢

- xGal>e xIp] if p#9P

daze D F s J= M xzme
. rnax min ‘l‘u‘y

Fy=t, (seq form consfrains)
M©y 2 mye) (frembling constraints)

EX:E
M, © x2m(®

- Quasi-perfect eriwllbrnum [van Damme 4]
-The fower bound probability - canstraints (fremblin J constraints) are in sequence form
“The probability of ®ery sequence oz
 x[jal > g %) =7 Xja) >£,(5)

. max min ‘l‘u‘y

Ry=tf, (seq, Form consirairts)
PEIAC lTremblinj constraints)

EX:H
X224 (¢



LecTure /Il cont:

Relationships
Per fection
(euertial |

Tremblin
QPE

]

'CompuTa’rz‘onal complexity

Solufion  cancept General sum ero sum

Nash eq, PPAD-complete FpP

CDaskalakis 2009] (Ramanouski 61]

(Chan & Rong ] [van Stonge| 96]
QPE PPAD- complete FP
[ Miltersin £ Sprensen 1906) (]
EFPE PPAD-complete Fp
[Farina &Gatti 20(7] )

-Trembh‘ry Ps PE
max,~ <@®Tx A,b, c “only” depend
st A x = bE) Polynamially in &
x20

“Goal: compute a limif poiat of apfimal solutios o P(e) as £>0"

- Stable  basis

"The LP basis B s sfable f there €xisk £ >0
such that B |5 gptimal for PE) ¥ 0<es g

* Negligible posifive  perfurbution NP
€70 st ¥0<E<e” any optimal basis for The numerical LP P is stable

“Thm. A NPP ™ exists and it can be compufed | me |
n palytime in the inpuf si
- Above s nof practical. Practical: P Py input size

~[nitfial € s sdve PO
"% ble ls shidle *

X
redue € <— Check stability — evaluate
limit




Lecture 1\/16

-3 ditferent notions of “eqm'libria”
“Free communication = Nash e?nlibrium for the mefa P‘“V"
"No  communication ever = feam maxmin equiibriam  TME , favored in RL
‘No communication duning game but players can discuss common factics before playin
9 P 9
L TMECor TME with comrelafion device
L convex  unlke TME

‘Today? on!y dl'Scuf:ing 0 sum

difes Carmmon

- (ommunication S’?”;’ and factcs a%loegzou rfc'ﬁfeeb'
T T >

TME TME Cor Nash

Convex x Vs /

linear sadd\epoint

Bl ‘m::r"{gn ié,\“ppm X \/' \/

Is set of strifegies

a low dl'mensiofl?ll\ (poly 181) n / a \/ V4

polytope?

Min max thm? X v Nz

Complexity? hard, 7’ hard poly

Team uﬁl;‘fj low hiyher highest

Pl, P, team , I;l;

T 1
.
TME team: (" 2in § w2 X 2]
st xyt¥Xe=l — salves to Jz;
Yutyr =1
2”1‘%1-:‘
X/ 20

= Ay Min K%, %Y7)
X Buwl TME opponfnT

Wlog Xty € X597 7 %y (X912, XrYr%)
E7 Yyl < (1-5)1-%9) 2 (2n ) =1
E7 xytty €1
#1lh=
so value mamin F vq[ut Ynin fhax
" X

st X, t¥q =l },mlmnf n;;(ax xH(I—Xf,)

ty = '
Z,HVZTO since last consTraint hy,q‘
Xyt¥y sl 0 <Xyl =7 Xy*f




LecTure /(6 cont.

Recall 07; = deferministic strategies
‘A TMEGr 5 a distibufion HEA(MxT,)

eafxrm) -;:'3, Z H(w,,n,)( Z Uy " T [r) - T, [0e ] - 2[ 9] C[VMJ)

(m, ) wew
f", "ll i | |
Stets linear in H'
linear in 2!
— Mmax min M , u,, . o
Hoo2 wew (& )7, D) T ) U, 2[oe]): o)

Buf the polyfape, eronenTid”] bl'y simp lex
= Y [2) Change of var

let f: (x> R™
H - ((‘Z"z) P("t/"l)‘", [0, N')]T"l.[a.' M])

wEW
Then above
— Mmax min Mo, -2 [0 - | orlw
fen'y Z, Y0 u, 2 [00) o)
KEK'WI

where (L= Image(f)

Some day VIl have the fime fo improve these nofes..



