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Lecfure 08/30 Intro

Logistics
- Liv Bar-Joseph, Pafrick Virfue
- Piazza for everything
- Midterm 10/27 Wednesday 6pm
* Machine Learm'ng
-Methods that can help generalize information from observed dofa s that i can be used fo make petfer decsions
in the future
~Contrast
Statistics - understanding data at hand
Artificial lnfelh'gencet build an infelligent agent
‘Data Mining : patterns from large scale data
30t minues of sales pitch

“Three axes
‘Data — this class assumes you have (possibly incomplete) ~data
‘Mgorithms J y
- Model- based : Probabn'h’rh‘c, parametric, NON - parametric pata 5, Mode] = Knowledge

“Learning : from data to model
“Mode) = summary of data = inform on dala 9enera’ﬂ0n procss
Inference: from madel to knowledge
“Given model, answer questions
- Model -free
Tasks ([ater)

- Parametric moadels
Fixed -size models that do nat grow with The data
-Moare dota = learn /fit model better
‘Non-parametric models
*Models that grow with the dofa
“More data = more complex models
- Discriminative models
“Find  best line separufing some st of poiafs
-No 9enePaTive assumpion

- Tasks

Prediction : estimate oufput given inpuf
- Classification (discrete labels) Regression (continuous |abels)

- PescripTion: (ansupecised learm'f\j) no sypervision in dafa  as o descriptive oufputs
Density estimation, Clustering Embedding

- Forma Hj
 Supervised learning  : given D=1} learn model F:Y¥,
'Unsupervised ,earmn9 : given D=5 group data info Y classes using model F:X;Y;
- Reinforcement Iearniry © given D= Yenvironment, actions. rewards] learn poh‘c) F:ierira and reward F, :1a€3-R
- Active |€QMI'V\3 * qiven D=1 Y4000 learn FDGio% maximizing success of supervised learning F, 1, g+



Lecture 09/0] @ Probability, MLE,MAP
Probability

- Random variable : event whose stalus is unknown
‘Domain £2: the set of values a random variable can fake
: Bina(y /Discrete/Continuouns
- Axioms
O 0<PM)<|
® Pltrue) =, Plfale) =0
® P(Ave)= P(A)+ P(B)-P(ANB)
-Prior : degree of belief in an event in the absence of any ofher information
- Conditional probability : P(A-11B=1) is the fraction of cases where R is frue if B is frue
~Jointdistributions P(A18) or P(R,B) * probabilify that a sef of random variables will fake a specific value
If we assume independence, P(n,e) = P(R) PE)
~Chain ule : holds  for any pair of random variables
- P(n,B)= P(m8)P(B)

- Bayes rule
PBIA) PB) _ P BIR) PR)

P(NB) = 6y~ Zrein) e

‘Bayes rule for  conditional distibutions
_ flyx) 0 _ Flyix) £ix)
HXM fly) JHyPF g

- Conditional  distributions

A statistical model is a collection of df‘sfribuh‘ons, the parameTers speci@ individual  distri butions
- Normal (Gaussian) distributions x~N(HoY) ©=(t0Y)

~ (x-#)? —
P (Xl@) - 7_',T - o Tor parameters
J (4

- Multi-variate  Gaussian
) -
P(Xl6)=(w exp[—'; xH = (X-F)]

Density  estimation

Bagesian k?arnina P
P(GlD) = Plie) P(6) o /\ PoID) /1
PID) nte a

“But note the denominafor doesn't really matter
Plew) « PDIo) P)

posterior likelihood  prior

- Prior distribution
- Source of prior |
' ExPerT knowledc}e
+Simple  posterior form
- Uniform  (uninformative) prior

'(on)'ujm? priors (next page)



Lecture 09/0) cont.

: Con)ugqfe prior
- Closed form  represenfation of prior
Pg) and PED) have Tthe same form as a function of O
- Coin flip example

Bernoulli Likelihood P(DIe) = 9?“’ e):T_I
If prior is Befa o (ke By Br
PO)= ~gpppg— ~ Be (Pu )

Then posterior i Beta P(OID) ~ Beta [ B oh/ Brt ;)

-Dice roll example )
Maltinomia| Likelihood PDIe) = 6,“'0&6?’---0:

e Dipe 5 P
If prior is Dirichlef Pl)= ;T((;G/Bk) ~ Dirichlet (B, -~ Bx)
Then posterior is Dirichlef PO/D)~ Dirichlet(B,+,, -, Btdy)

- Posterior  distribufion
- Ppproach above is Bagesian
- Prior encoded as distribulion over paramefer values
* Bayes rule for updated posterior distribution

~MAP (Maximum A Poteriors) Esfimation
- (hoose § that maximizes a posTerior Pmbabili]}

Buanp = arggla% P(ID) = aryg\o\?‘ P(D16) P(6)

‘Not widely used in pmdice, needs fo assume prior

“Density  Estimation
‘Learn mapping from sef of affribufes to probabihfj
-Bu‘l\ary/dl‘screl‘ variables: just counf
- Cantinmous variables: it a model
~Trivial learning algorithm for discrete yariables
p\(XFH) _ # records in which k=u
tofal # of records

‘Maximam Likelihood Principle

/PldaTaseﬂM) = P(xARA-NR| W) = i_l'l ﬁ(ka,\)

made|
“For coin flip  P(DIM)= q"‘ (I-q)"‘

> =0
“Wé”“" POm) 79 s




Lecture 09/01 cont.

Probabilities

“SomeTimes probabilities are oo small, use logspace instead Fo remwe exponents efe
log Pléatuetie) =log  Pxcte) = 5 1ag P m)

Since loy mndonic befween O and J, maximizing This also mayimizes om‘;mal

“Maximum Likelihood FPrinciple

-Fit statistical models by MKimiing prubability of gencrating observed samples
L (%, %) 6) = pEI®) - plnl0

Assume Samre)
are indepengent

- For the Gaussian

F=‘W§."i =%£,("‘ )’
-MLE vs MAP
- MLE: choose value thaf maximizes Pmbqbi)n}: of gbserved data
Bue = 3951 P (D1o)

MAP: chogse value Thaf is most probable given observed dafa and prior belief
Buapp = 99 P@ID) = A3 P(Dlp) Plo)

Lecture  09/08 ' Decision Theory

-Logisfics
HWI out, due Wed 92z 2359 \
‘Fisher Iris Dafafef 1936 Type e S et
D=4y att)} 1 J X0 oy 0 desi
= / 'l/ 3/ €)= 0 es’gn
y€ {OI |/2} ' Matfrix
|
XETR desugn matrix ,]L_ /Obser\lqﬁ()ﬂs

Density estimation reyiew
Dt
“Assume Gaussian X, Normal (H,0%)

3 ( Yy < ,
P(D/) (x" %7, 4" K% 0% 1% o) expand nofafion

‘P( % 1) identically distributed
= p X ho) P(XU ko) pO®ue)  independent
]Tn P(X(n HO')

‘MLE
p(D0)= Tl p(xho)
~ Likelihod L(6;0) = p(D;0)
- §=argrex | (9;)



Lecture (09/08 cont:

Density estimation  D={%’k5 D8
'Swarvised leafnthj D=1y", 2 h)-y

Iris data  supervised lEarmn7 -
- Classifiation error e % Z8% 1(y“#59)

'Baye: decision rule

def 0 P(Xly=i) Ply=0 der
if P(X’Y:’)P(Y:’)Z P(X’Y:O)F(Y=O) P{V:"/X): P())() = 7}6:)
return ’ class
efﬁe:
refurn (

'OpTimaI classification function

- ho = “’;"“" P(Y=)|X=><)

- Goal: minimie expected loss for random st datn (X))
hr= 2 B [ LY, hoo) ]

- Loss function L YxY=R
Two class G- foss
“Two class arbi’rrar] [055

- Risk = expected loss
CRb)= Eyy [L (v, 9]

Lecture 097/]3° kNN, Naive Bayes

- Classifiers = three najor groups
O lnstane -based : use ‘observations directly, no models, e.q, kNN
® Generafive . generative  statistical model, e.9. Bayesian nefwork

@ Discriminative -+ directly estimate a  deasion rule/ boundqry/ e, decision Tree

"k Nedrest Neighbor - kNN
Select class “pased on wajority vate in the K closesT points
. Need to define distance * furction
“How fo find a good wvalue of KT
- Cross validation, \ater
- Influences  smoaothness of classifier
- Almost like & kernel mefhod, but depends on input defa nof on paramelers

‘Naive Bayes classifier gt s b
-For Bayes decision rule above, how fo compufe P(X1y)'
Suppase (6 binary attributes = 10,1} class. How many PammeTer; needed  for fullj dETPrmininﬂ P(xly)’
: 2’6—| ParameTers for eady class = infeasible



Lecfure 09/13 cont

- Naive Bayes classifier cont
Assume " given  the class label, atfribufes are cond(ﬁonqnj/ indepcnderﬂ‘
P(Xly) =T P (x’1y) where p;= model for atfribute |
“Now You on[y need 16 parameters tofal for previous example
- Henee
9= argmax,, P(y:le)
- argmax,, ey ph=e
=aymaky T, picly=v) Ply=y)

‘Conditional Likelihood |
L (Xl ye=t, re) = T, Plxilyerel)
r

ecific pammc‘f’erj

) P } -
sample ¢ S;I ’:f af : s for aftribufe j in class |

* Feature Transform
For text; Bag of Words is common
‘Documerit = collection of words encoded as a vecfor
VecTor can be binary  (present/absent) or diseefe (# o peardnces) ;
‘Example : document X; modeled b_y veclor of m* indfi)cafor features  {Ex)
where $°X)=1 i won) j € document X and is O atherwise.
Then  30)= [#'(%) -~ ")) is The feafure vector for document X,
Aso writfen @)=L ¢ ¢*-¢1.
~En9h':h Typl’cqﬂy uses ~ 0k words.

-Problems  with Naive Bayes
“Rssumgtion of conditional 1’nde|>(’nd€nre gven class label s often vidated
-If insufficient dof, not observed by Truining dota, your probabilily con 2ero ouf
- Psewdocounts - add one sample with all words, ane sample with no wards

‘Naive Bayes cassifier for continus values
'Usually Gaussian model is used, i€, X~N(HZ)
" mare depth,
Y; ~ Muttinomial (p,p,, - Py,) ~ generates oufpoif
X~ N (F,2:) Generates (orresPond(ny (nPuT

To determine  class,
P (Wg) = (z‘w G exp —LZ(X’H)TZ_' (XA’H )] - gﬁifgogmoﬁ,%[gjgmaj\@ce z
By applying Naie Bayes assumption,
cvariane = becomes diagonal matrix,
anly need 1o karn x’~N(H;,cr;)’ (-2 _, each clas has |
P(X)VW): T P(xﬂy:v):mw‘—a‘o‘;} exp [‘ W) its own mean dnd vanance



Leclure 09/15 Decision Trees

Pecision  Trees
‘Infernal nodes = af fributes
-Lleafs = classification
‘Edges - assignmen’r

- def  build Tree (n,N): n=samples, A=aftribufes
if empty(d) or all nll) same:
status = leaf
class= most common clags in n(L)
else:
STun 5= infernal
a= pest Ntiripute (n/ A)
leFt = bui d Tree (nqzl /A\h})
n'y\n‘f = build Tree (nqco/ A\(q;)

~Enfropy
H(X) = Z.-P(x=) log, Pix=0)
- (ondifional enfropy
HYIx) = = P&=<) H (YI =)
- [nfarmation qain
1G(YIX) =H(Y)-H{YI®
Note 16(YI%) 20 by Jensen's

- best Mfribufe = attribufe that  maximizes infor mation gain at each noge

-Avol'du'ny O\IEr‘fﬁ’n'/lg
Tree” prunin
- Split data info frain and Test
Build free with train
“For al| internal nodes sfarling af mo];
Remove  subTree ruated ot node
“Assign class o be most common amor9 Tmin(ny
(Check Test dafa error
‘[ enror fower, keep chqnge
‘Else restore subfree, repeat for all nodes in subiree

- lontinuous values
-Threshold fo faen into b/‘nary / discretize

Decision frees Sarprl‘sm?‘y very effective in pmcﬁce



Lecfure 04/20 @ Ensemble : baggmg, random forest. Linear regression,
'Baggmg / booTsTraP agyr‘eyq’ﬁon

‘Reduce variance of an esfimated Predu’c’ﬁon function
“Classification: @ committee of trees each casT a vile for the PredicTed class

“|dea r‘andomly draw dafasets with replacement from the fraining dafy, each sample same sie
: Z- = “XHVI)/(XL/’I)/ ey (XNI YN)}
’ Z*b thl‘e b=' to B prediction ot inpuf x

A A when boststrap sample b
-quj(x) = '§ f:. .F*b(x) is used for P'rminin,

"Recammended  750%  samples

-Random Forest

‘Exfension fo bagging: use @ subset of the feafures (at €ach free node!) insfead of the samples
‘Nt each node choosing split feature, choose anly  amang m<M fedure

‘Helps to create smaller decision frees

- Recommended 0 features

Linear Regression
“Given X, predict y, where we assume y=wxte

“Least squdres error
- argmin,, Z; (g~ wx)*
- Minimizes spuared distance befween measurements predicted line
2, %, (girwx) =22, % (yi-wx)

- ZiNYi
=O when W= z‘m“

‘Adding a bias
|f line doesnt pass ‘quou]lq origin
y= WotW, XtE
CWe L Ziyewix) e LA ¥ (gi7w)

TR

“Multiple inpufs /multivaniafe  regression
. y:Wo"' W X, ot WX +¢

- Non-linear pagis  functions

s Jang as caefficients are linear, still a linear regression problem

' Ex«mp!es
Palynomial K00z for j=0 o
- Gaussian ;)= %
“Sigmoid %, ()= Treprsn

“ General linear  pegression



Lecture Q920 cont:

~General |intar_Pegression |oss
Tw) = Zi (v -Zwié; )"
Tw) = Zi(y'-wei))f
2, Tiw)= 2 Z(w$t) - y) S |
20 when Ziy o) = wr[Z; 9]
Let _ (f., o) H%rxp)
§ ‘P;(x") <Pk6(n) 4] by ’< 1l
Then w= (") ¢"
which 1is known g5 ” The pseuda inverse

 Proba bilistic inTt’/‘preTaT/on
=W $MTE ]
“Then Wmie = (@Té) l §T)

- Extensions to linear regression
“Nofe paramelers Joarnt were  global
“Exfensions adjus® parameters bagd an inpuf  region

lines
- Before: fit one Ffunchion For enfire region

Now' it a sef of Pl‘ecewise (\Agua“y cabic Polynom‘mls qufsfy/ry conh'nuiju and  smoathness  consTrains.
‘Need to define regions in advance, usually” uniform

‘Local  Average Regression

Local Kernel Regression

‘Nadaraya- Watson  Kernel Regression

'5PaT/'q||j adapTNt’ regression

Lecfure 09/22 Loyis‘h'c i?eyresssor\

- Generative Vs discrimmative
Generative : rely on all Poin’rr/ (omPuTe P(xIY)
Discriminafive: care  aboyt  boundary, do nef compute P(XIY)

Linear regression
 Problem: objective fn cares more about min dist than correctly clqm’fying

ANADD
will not
oppao




Lecfure 09/21 cont.

'Sigmoid Function
|

- Sigmoid ~ binary classiﬁ'cah’on'
“ply=0lX;0) = 3(w7x) = T+e"™  note - can be absorbed info w
ply=11%,60) =I=9w™) = Tre==
'Sl’gmoid likelihood . 4
LUy w) =T (1=g(Xj))* g (X)) 7) Mgttt e
: ,09 L(yIX)‘Ad:Zilgu g W' Xi = IV‘ [T+e*™) |-9/(X)W) in derivations
%5y Ligix;] =22 Xi(5- Py Xijw))
"No closed form
But concave =7 gradient ascent

 Gradient QSCEan |
wlew'teZ X (9-(1-g(Kiw)) where €= small conquM'=Ieaml'n9 rafe

'LOgis‘h‘c regression
O Choose €
© Start with guess for w
@ For all j, wiewteZiz Xi[y-(0-9(Xjw))
®© Check iF LI W)= 212, % (-9 (Kijw) + (149 In( (kijw)
“improved 7 g0 fo step ®
* Same = stop

{ E99u|qriza‘h'on
‘What if nat enough dafa
Regularize: impose additional constraints on the paramefers are fitting
‘Add the prior: p(y=,01X) & ply=IIX;0) p(O)
“This changes  The LL, €9, with Gaussian prios
'LL(y)le)’Z?i‘ ;wTX;'In(HPWrKi)‘ZJ% Assuming mean O
wewt Ei.-'ifX’( (9= (1-g0% ) - €52
AP et riange gof
* Gaussian = LT regulariztion, min  w*
L1 dlso popular, min Jwl

“Multiclass logisfic regression
For 1<k, set ply=i]Xje) = glwitwix'studxd)= g(wiX)
where 9(2L-)=H%5Tez, where %f=w.~°+w.-'xf+..¢wfx4
and Ply=k1%,0) = i7=F es
ol b vt X0l Hyenx) w80 om0 obierwi

(an also incorporaTe P Fransforms of doita



Lecture O/2T Support Vector Machines

+SUM
‘Mainly works for 2 classes, exTensions are hearistic (sTill works though)
Discriminative, not probabilistic

‘Max margin classifier aka linear SUM
‘Instead of fiting all poink, fif boundary  poinfs
‘Learn boundary  maximizing margin from both sefs of points
‘Margin =distane o closest point on either side
‘No proof, but - works well in practice

“Specifying  Max margin  classifier L1 e |
ctiE wix+b 2| f—\“/ Wb Nofe: strong linear assumpfion
=l if wirtb - v
- Undefined f -1<wixth<| "\/\, class !

'Maximizmg the  margia
* Observe” w  orthogonal o 11 plane, -1 plane
“Observe: if x* a pont on + plane and X~ closest pont %o x* on the -I plane
Then x'=iw+x

“Hence
wWxtb=+ .
WY+ b = ' 2 ) 2
A 5 demq, A ww /M= e
x4 x7T[=M

S0 our solution should
-Correcﬂy clam’fy all PainTs
“ Minimize  w'w

-Quadrdatic pragrammin
- ME—qu T 9
mn =% +d'utc

u A

subject fo n \'ne%uuh”r/u consTrainfs
au“l’f‘gnuz‘f' ~ &by
qm“‘.flqn‘lql‘r'” sbh

and k_equivalency constraints

Qpiir u+ qlm,z. u1+"' = b'm

q,,+k/,u,'+ Otk 2 U2t - =bns
where
U is unknown vector
R is square mafrix
d is vecfor
c is scalar
QP problems have better solvers than grudient  descent / simuated annealing



Lectyre 027  cont.
-SVM a5 QP

min (w'w)/2

Subject To
¥ x in clas 1], wix+b2| ] n consfraints
¥ x in clas -, Wixtb<-I

Last column in R is O

“Non lmequy separuble cases, how o QP
“Minimre raining errors
- min w"w/ min # errors
‘Hard fo solve 2 minimization Pmblems
. Penalize Tra:’mng errors
“min w'w 1t C (# errors)
‘Hard fo enwde in QP prublem

‘Minimize  distane  befween  misclassified points  and correct plane
min, (Ww)/2 127, C &

Sub)'ecT To
¥xiin class H, wx+b2 & ]n constraints
¥xiin clas -1, wixtb < -It&
¥, &20 J 0 Consraints

~Dual representation of SUM QP
“This  represeatation allows for a Frick for easier math, fuster runtime

: Lug range mulTiPI(er
. ks ] _ -
mine % min, max, x*- ol(x-b)
st x2b st o 20

'Luymnq{ maltiplier  for SUM
-Unear\y sepamble case

Original
min (Ww)/ 2
st Wxitb)y, z|
Dyal
mmw/b max, (WTW)/l -Z; d;[{w’xi‘fb)‘li‘ﬂ
st oizo W L w TRy
Taking derivatives, solves fo =0 when y=ZXXYe
w= =, oo XY % = Zay
b= V‘A—WTX" for ¢ st 0, >0 =0 when Zid,-yﬁo
Z; 0i%i=0 g% = [0y =11=0  wwhen

(wTxitb) ;=
&7 (wrx;‘f'b),:' =¥ =7 b = 7‘ -Wk¢ b

E7 (W'xth) =y,

for all ¢ where ;>0
(recall y;={1,-1j)



lecfure 09/28  cont:

“In gentral, N dala peinfs are separable v @ space of N-I dimensions Or more
-Map orlgjnal inplﬁ space info hx‘gher dimensional fealure space

High dimensionality and many more  parameers are possible problems
But SUM  well-suifed: kerne| Tricks for efficient Coum‘qJﬂ‘on/ dual formulation on\y assigr PummeTers To somples nef fedores

- Quadratic  kemel frick
fx' It i
PHPE=  ap  ar ]% . .
@, (E,,). }“%ﬁ:‘, =2 2 (@) 122w 2x 0=l

(7, . :

P ﬁ;ar%n m m m
~ m"-

But nofe That _
(Kx27N" = Leartt 2<n@rt
= (& K22 1)+
= (Z 2 x"zi) +@(-(x[)1(£‘)7 +(§¢Z’=m ZXinZ‘Q)‘l'l

which only cosfs m operafions

Lecture [0/0% @ Neural Networks

Linear classifiers

‘Decision Sfumps

- Generative model

'Logish'c regression

-SVM

" Perceptron

‘But for nonlinear dafal
“Featare mappmg
“Learn the boundary

‘Perceptron alg wio  bias
t=
w=0
on mistake :
mistake posifive  wy, cwetx

mistake ncyaﬂve. Wiy € WX

Classification
h(x)= sign (wix+b)

-Mulh'lat/er Percepfrons
Feedforward neura| network with gt least one hidden lager

“Hidden layer has nodes That are neither inputs nor gufpufs



Lecture 10/4 cont:

1943 Neuron  Mc (ulloch & Pitts
9=\ wojebiax. a;=9(in)

eyl

loput vaton Oipat
Function 2%‘1,‘:" P

'Single Neuron system
9 step 7 Perceptron o W C(WPV(QL\(‘:"%l
: 3 s;’ymoidﬂoyishc regression Wy | =

s 5 iden’n’ry 7 linear reyresmn X2

*Activation  TancTions .
‘Hard threshold 9= io IO e
: Ss7moid [softmax 9(2)= ,T’gpﬁ) Z =9@)()- 9¢)
-RelV q(2)= Mmax 0,2 B}y 3eo
: OpTl'miZiﬂg
To find” the berlf set of weights
Hp-
T(w)= 2 (g b)) = (y'- hu(x))
we w-dV, T(w)
§ = hutd=9(3wn)

‘loss functions .
- Regression has  squared efror 1(7,9): (y-3)
“(lassification has cross erffropy 2(7,7‘):—Zk Yy Jog U

BackpropagaTion
“(ompute derivatives per Jayer, Forwards Then backwards

x— | lager y=flxw) [

2 2 2y — 2
Chl 7 o %

e

W oW




Lecture 10/6 ¥ More Neural Networks

2 _
“Prove 5y VAV =ATtAv  vER' AER™

- [ A 9n ] [V
A % dhn N ["1

— a, q —_(VautVaan
Av = Vi (Q1|)+ V‘(Q:;) - ( v q\l*"l“ﬂ)
VT(A V)T Vit uganp Vv, T V.,

%' VIAY = Tua) TVR8 Ve,

%h VTAV = 7_\11‘\11 ‘\'qun"'\hqu

. _ 1ﬂ|.\‘|*v1qnf"‘tql\)
T =

. % ViAv (lquf\/lqn"'\‘lﬂu

_ [ ta; Gntd, (v,
= (Q,ﬂqu W V\)

- Multivarate (hain Rule

g= 3 5= @)
i’=9(><) 27 gx)

= Qﬁa_zi d( _ 0Y¢ 02
Sg‘ Ej?zj-dx ﬁ:‘%%;&i

- Practical neural nefwork  considerations
Ldrge number of neurons = danger of overfitting
“Modeling dssumptions vs dafa assumptions
- Gradient descent Can €Gﬁi|y 9€T sfuck in lo) 0(5“”\0\ (rof comvex)
- |f there are no non-linear “activations, al\ \inear lagees  can be ceduced Into sigle linear lager

“Universal - approximation thm
‘A fwo-layer nearal nefwark with sqfﬂcienﬂj MmNy nearons  Can approrimafe any
continuous  function fo anj desired accuracy

- Tensor Flow P\aygrounc\ s Nice

‘Convolufional  Neural Networks
'H(S’rory
12005 Ho6  Hisfogram of orienfed gradierts
- HoG 2 linear filfer
“PlexNef  breakthrough
-Convolation
*Signa processin
2[0j1= 2 o0 200 o Aliujv]- W]
-Relaxed definition
20,4] = ZaZily xlitwit] wiud



Lecfure 10/l Ensemble Mefhods

- Reall decision Trees
fCOmPuTq'ﬁonal\y efFicient
t Infer pretable
+ Compatible with continuows, discrefe  Feqtures
- Prone o over Fitfing, addressible by heuris fics (eg, pruning)
- Hl’jlh bias , addessible by bagging
= High variance (espea'aﬂj short Trees), addressible by boosh‘rg

- Bias-Variane Tradeoff

True €fror of mode| = Bias t+  Variance

v How well can mﬁz\ ' How wgi\ can model
approximate ‘ﬁaryef q[)Proxfrvoﬂfe angthing
‘Decrease with mode] “Increase with model
Complex‘(’y Complexifj

‘Bagging
Boafstrap aggregating
Comboine prediclon of many hypotheses o reduce variance
- Regression h(%)= mZi2, (&)
'CIGSSI‘FI‘CGTI‘OV\ h(x)= ngn(#zi?, h;(;)) Wh(’"e Qnma[n} is %ﬂ/'l] .
1€ %, % independent rys  with var ¢* then yar of WZLXi is &
-Random Forests
“Input: D=1(%), -, Fnya)}, B
“Alg -
for  b=| 1o B:
Db < Sample n points from D with replacemenf
t, < leam decisin Tree using Db, ID3 algorithm with plif feature  randmization
Qufput: £ the agqreqated - hypathesis
| mporfant  because ba”my alone does nat create independen’r frees

‘BOOS'h’n
- Tries To reduee bias of a ‘“weak” or hfg\olj biased model
- Can also redue variance

-AdaBoost [ Schapire 19893
- Intuition: iferatively rewefghf inpws, 9Mn_9 mare we\'yhT to inpils That aee difficalt To Pnedu’cT (vrrecﬂ]

Most widely known/used i practice Today
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- Ada Boost
“Input - DY=4-01) T
“Algori thm:

© © L
W, ¥Wa €

for t=I fo T:
he < Train weak learner mitimizing we.‘yh’red Tmmm) emror €,

weighted trainii - -
e of he £ < S W 1 (hel)# )

e e %(t‘ﬂy(%:) nirn
W e )=y _it w(_(f-l) €XP ("N-( Y, hf(i:))

ﬁfm w%= Ze e it hyw)#y
Oufput: aggregq’red hypoThGSis
9= sign (Hr () = sign (ST, e he7)
~O¢ infuition: want good weak learnecs To have \qrge weighs
Wi intuifion : want incomectly classified inputs o receive o higher weight (n The next round

I-& -
€<z 7 71 2020 =7 7%t <| and ™7

- Ada Baost intuition:
“Want weak learners  because low variance/cheap To  compuite
- Wanf final \nypoﬂm fo be wefgh’red combinafion of weak [earners because individual weak learners do paarly
-~ AdaBoost greedily minimizes exponential loss e (h3,y) = e which upper bounds the binary error

- Exponential loss
Claim: #Z7, € ™ 2 522, sign (&) £4)
Then: #28, e 50 2 531, Sign (hic) #) =0 .
Claim: 1f 5= sign(Hy) is Adaboost hypoﬂven's then w20 e ¥ =L 2

Consider wf w?, .
‘In general WM - Tl v wA)
P T 2 -

= nTL, 2¢
_ eXp(¥it )
- nTTfE,zt
. . N — N exp(-9i Hy (%
~Since normahzed/ Zhwl =) = 22, 'ﬂﬁffl

Hene T, 2¢ = 5 =N, exp(-yit (%)
“Then- one way of minimizivg in-sample Cxpooertial oss s fo greedily minimize 2

'Greedj exponkntial lass  minimizafion
) —wY hx

Z2i* Z.";’, W;tt-)e

= 2,,.;),‘(;;) W‘('t-'le-w
. e“‘_‘g-zf)f e¥ ()
ow= - (~E)te¥Ey)
=0 when w=w* for sime w*
ew*@ = €-w*(|‘ff)

ft-1)
t Ey;Fhf(fi)w" e”

Q)

w* _ [SEe
[ 2 g
x - _L| _&t
w” = 2109 =
2 9 € 2
ie, imporfance defined o minimze Z¢, minimizes since G 70

Z¢ simplifies further fo 2)ec (&) <) |f £¢<3



Lecture 10/]) cont

- Training error
FZ0 D (g#9M) € T 2
= TeL, 2JE2) =0 as T2 as long as €.<3 ¥t

“Tewe error [ Freund, Schapire, 1995]
~For AdaBaos?,

. ~[ | dycH) T
True Ecror < Tmmmy Error + O{ IVCT)

where dy(H)= Vc dimension 0F weak learners , T=# weak learners, 0= fraining dafa  points
Empicically, increasing T does nof lead To owrfitting as implied by abave bound

-Margin of Training point (X;,y:;) defined as
9 Y port oy
m (%,9:) = = 24- % he ()
l/(/l Zg;'d(

“How confident 97 is in iTs prediction
lgo_n_ﬂden’rly wrong ‘ anﬁ '

"' 0' rmv,in lI

- Schapire’s - abservation

'Boosﬁng increases margin  €ven affer Tmmm} error reaches 0

Lecture [0/[3" Clusfering & k-Means

‘Learniag Paradigms

' SMPE!‘ vised D=1 im,y(")}(gl R p ) y~c0)
*Regression “eR
- Classification g€, . K
“Binary  Classification yer-) 1}
-Stractured  Prediction §9 a vector
*Unsupervised D=1xY1,  &x~p™C)
- Semi- supervised D=1x9 yofe VAP
- Online D= 15949, (5° ¥, -}
Actwe Learnin D=1z, , an query y“’= O af a cost
- |mitation Learning D={( "), (%, &), .3
- Reinfor cement Leqmm9 D=1(s”a%c) (s 4%, ), ..}

‘ClusTering
“Rufomatically partifion unlabeled  dofa info growps o similar difapoints

‘Distane  measures
-D(A,8)= D(8,p) symmaTr‘y
“DAM =0 constancy of SelF'Simila(‘i’rj
DAB=0 iff A-B  positivity separation
D)< DA DB  Triangle ineguality



Lecfure 10/13 cont;

- Minkowski metric
“Given  X=(x,- %), §=(9, %) )
* Minkowski metric s d(f,g):(Z;Zeryilr)r
r=1, Euclidean disfance
£=[, Manhattan disfance
-f‘=+oa/“5qP" distance ."Q?ZP lXi‘Y\',

‘Hamming drstance
‘Manhatfan ditance when all fertures binary

-EBdit distance

Clustering algorithms
-Hierarchical
‘BoTfom up *agglomerative
“Top down + divisive
-Parition
k- Means clustering
- Mixture- Model based dush?ro’hB

- Prgglomerative - cluster
@ Bach object in a separaife cluster
@ eepem"'
@Join most similar pair of clusters
® Undate similarfy of new cluster To others unti| there is anly one cluster
“Greedy alg, less dccurate buf simple  implementation
Single ~Linkage = nearest neighbor, similarity on closest members > allaw  anisatropic, nan- convex shapes
- Complete-Linkage = furthest neighbor, srmilqri’ry on Surthest members  ~ Assume isofopic, Convex shapes
-Cen’rral'd=sfmilqﬁf] befween cenfer of ymvn‘j
'hvemye—L|'nkq9e: averdge simr'lqrijr/ of all cross-cluster pairs
- Dendrogram, convenient way To yisualize clusters

a b cd a b cé
U7}

- Divisive  clusterin
O Al data in single uster
© Repeat unfil each abject o separafe  cluster
® Split each cluster info Two using parfifion algorithm
*More accurate, more  complex  implementarkion
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‘PW‘T/’rfom'ry Algorithms
Input® Zet of objects, number K
* Goal : Par’ﬂ’rmn of K clasters oplimizing chasen ParTiT(onmg criterion
- Globa| optimal’ exhawstive enumeration of partifions
-Effeclive heunstic: k—meqns

- k-means
Input: D= 1S K
“Agorithm
lnitialize K cluster centfers (€9, randomly)
[ferate
Assign paints o nearest clasfer cenfers

Reestimate K cluster cedfers (aka cenfrod or mean) by asmm(n/a above dssignments cofredt
Onfi)

No dbjects changed membership in lasT iferufion

‘Optimizing - k-means |
Inpuf> % 3% K, 2UER™
Oupat: 2%, 2™, 2Y€t, k] “duster assignmens per point”
OQufputi H,, - B, Hi ER™ | o
flo b = argming, ... e Y, j:'ﬂ.,.kj ”K(\)‘Hj"-l
- q'ym].nl"u---,ﬂk,z",’.“,ﬂ"" 2?:' [ x- Ham”:

~Compufational - complexit
-If NZl/ KZZ/ not convex NP haryd

-Rlternating  minimizafion
@ 2 = angming Z 2, | xO-fol;
® H,... H = drgminy, .y SN xY- I"Qc.;n:

m- i i i i
@ 2"= argmmzlneh,...,kj Il x¢ )-Hzm".: @ H, = rgminy, Zi:zom “ X(')'Ha"’":'

‘Coordinate descent
“Two approaches To MMg, 0, 3(6,6,)
-Step based an _derivafive for one parameter
e, <« 0, -M 95/99,
0.« 6.-" 337202
“Find Minimum €or one quame’fer
O, < argming - J(6,6,)
61 “ qrgmme-;_ j-(6|,61)
‘Block coordinafe descent
o, P instead of 6,6,
-Like above
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“CompuTational  complexity
‘Each iteration
-Computing cluster cerffers: each object added ance o cluster cenfer OIN
Compuing Y oby Yeluster caiter dist(oby, cluster center), OfKN)
& iterations =2 O(2kN)

- Seed  choice matfters
‘K-means always converges buf may comerge To focal opfimum, arbifrm‘ly Wor'se

‘K-mediod  (median)
-Use median “fraining point ds clusfer cenfer
- Nore obust 1o gutliers pulling mean away
Better inTerPr‘eTabf li’[y
“More work fo compute

*Chaosirg K
- Look™ for knee in Qb)ecﬁue Fanction

- More k-medans [ssues
- Clysters may overla
Clusters mdy be “w«!;r” than afhers
Clusters Mmay nat be \mewlj Sepamble

(next p@ge)



Lecture 10/13 ' Gaussian Mixfure Madels & Expectation ~Maximization

Cafegorical Distribition
‘When discrete cv represents multiple possible classes and the  probability of each class occurring

Y=, K3 but EDN) does not make sense

=1, )" where each Vi binary, Y ane-hef
.YNCGT‘??O'"‘(G' (Wu "‘/WK) Wh(’l‘e th‘isll Z‘I:'-m:‘
'E[Y)’[E[Y,],...,E[(k]]": [T, )7

-(afeyon’caI Gaussian Generative Mogel
: Esh’mﬂmg paramefers
Y~ Categorical (T, 7,,T;)

“Xy=k ~N(H, 0})

‘D= { X“)/ y(i) L”\:/

'éMLe_’ "o 21 log P (x416)
=gz, log P(419) P(x1 y1p) (,
. g SN 'oj Tﬁ:. ka{:» £t m’;)!.:!
= aqemofzi'\ilzkff yg’ ’09 Mk fu (){”“"klo':)

Inference i
X/ =
’ P(‘}k:’ h‘/e) - P(x16)
_ Pluyet19)
= 2} Plygir16)
_ P116) Phin=y
- 2,“:‘. PX,’J'“le)

- T Fa(xIHeoR)
ZE iy ()

“k-means bad case example

‘Ouerlapping ~ clusfers
-Some clusters can be “wider”
- Clusters Iay naf be |)h€0\r|y Sepamble

~ParTm0nm7 Agarithms
“k-mewns is @ hard assignmedt: €ach object belongs fo only ane duster

‘Mixture modelm7 is a soft assignmen: probability that an object belongs To o cluster

‘Gaussian  Mixfure Madel
‘Mixture of K Gaussian distributions (maltimodal distribution)

p (Xl 2e=) ~ N (He, Zi)
p09=ZE, p(xlze)Pic1)
Companerf  Proportion
K ComPon?nTs/ ComponenT k 9€nEFGTCS data Trom GGMSSfGV\(Hk/?k)
"Each data point generuted as follows:
O Pick comporgnt k with probability p(ze=1)
@ Data paint  x~ N (Hi,Z)
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'Leqrniny 7eneml Gaussian  Mixture Models
- GMM
Xi - ¥m ™~ P(X) =2&, P(xlz=1) e
Mixture ﬂ;=Pék=l)
Gaussian (omPonenTS P l2e=1)~ N(He,2)
Raramefers 9=1W<,Hk,2k},5_,
‘Estimating - paramefets
'MLE-'( -t L (@ )T -
g T pOCI0) = B TNZK, T (7| F e 200 AT
552600, etc 7 10 closed Form
“Gradient  descent =7 posible but Complicated, of fon slow, need fo consider canstraidts On paramefers
%:zf:, "kg—;:‘ the re:ponsiblliTj weiylfﬂ?e\ sum of individna) lo9 Jikelihood 7mdu‘enk
For constrainfs, use consfrained opfimizaton o feparanrice. (e, soFfmax, Crdesky decompasition & =N )

lectwe  10/20° amm, EM, PcA

+Recall Log Likelihood vs C0mple1k Log Likelihood

“LL: D=3 5082, SCLL p=sY 2,
2(61D)=log T, p(5“6) 201D = log T2, p(%%V16) o
=2 log 2% p(E"2"10) =25 log M&, T k)TCN (%I, 2,<)zk indicator Trick
s tuck =Z 3K, 20 log (M f (xmlPK,Ek))

-Expected value of Complefe Log Likelihood
’ R?P\Q(e & W”‘h Eux/e[zc(emc)]
= Ezwle [2::;25:: Z'ﬁ() '09 (Trk FN(XH‘/O)) ‘
= 2::,2::, Ez'x/e [Zﬂ’J |(3?(-"k fN(X“",O))/ ane EZ'X/e[Zg?J: zgkﬂw Zk P(zk ’X('z 9) = P(Zkzl ' X(,&e)
= 2828 p(ki]x%8) log(Mifulxine)

Expectation - Maximization (EM) for  GMMs

nitialize
=0, 7 A 2
‘E-step

for fixed GMM PammeTt’f‘s (‘7&: updafe pmbabiliTj point 5 belongs o dusfer Kk, P{Z'(Q=l |7<(.'i (‘)(ﬂ)
'M-sTep .

For fixed p(Z‘,:' 2 15%6%) updafe  esfimafes for T Bz
Herafe befween E and M steps

"EM nqtes
EM = optimization sTmTegy for objecTive functions That can be \hprmtai as likelhoods n The presence
of missing dafa
* Simpler  Than 3mdi€n’r methods —no step size, enforces cansfraints, call inference and fully - observed fearmy
as  subrowtings
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‘Mare EM nofes
‘EM' {ferative
-E-stepfill in hidden values wsing inference p@ixy
‘M-step: update paramefers £+ using standard MLE/MAP method applied o complted dofa
- MondToni call improves or sTays unc\'\qnged
Wil always converge To local gptimum of the likelihood

'EN\E'\ZOV‘ GMM
Eaix,00 [ZQ)J: p(Zg):' | XU), GH))

7

i L acgmaxg Eoigo | 2610,
3¢

.Spec:ﬁcallym o 9 N (0 ot
E: P(Zk =|’X|),6 )4— ZJK:, T"}*)N(xm/‘l’fﬁi’y) )VLi,k

=k P(i(;?:v 1x4,6%) Y-k

M T
oy o ZR POl 0€) Y
B S ZR P19, 0%)
(e P PR x69) (< HEY) (b))
K 22 PEp=) [x%6%)

" Genera| EM ﬂoeory
‘Recall MLE, learn © mawimizing £ (6D)
~But 2 ndt observed, compufing £(0;0) =log Z2 p(x210) = logZz p(loz) plx/2,6x) hard
“If 2 observable, Then £ (6; x.2) =log p(x,210), solvable with sfandard MLE
-Buf 2 jsn’t. So X(G/X)=109 2, plx,216).

‘Expected  complete fag Weelihood
For any disfribufion g(z), define exPecTed complefe laJa |ikelihaod
U@ x2)}= 2, qixe)log p(xz/6)
‘Deferministic function of ©
‘Linear in A ()
By Jensens l'necimaliju
f(ﬂ/’XFlog p (x10)
=lg Z; plx216)
“lg 2,90 e

2 3, e log £

e, £©;x) 2 <I( (Gim)Zl t H‘L

‘Free energ »
For fixed daa x, define functional Flg6)=Z, qemlog-B5% < fo0

€fl

'EM s coordinate ascent on F, E: qe=amx; F(g,0°) M: 6 = 9" Fg*", 67
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'E maximizes expected £, wrf q
Claim: "= argmax, F@,69= p(zIx6")
Proof ph2109
F(p@zixg9), 6% = 2z p(21%,6%) 19 Fixgd
=2, PRI 69 |09 P(x]6%)
= log Px167)= £(6° %)
Hene R(6%x)2 Fq,0)
‘Or prove by varigtional calcalus
Or prove bj Z(6;0- Fg,0) = kL(qll pzix0)

'E plugs in the posterier expecfafion of lafent variables
W06 assame  p(x/2,0) generdized exponential famy distribuifion
plz9) = 26) he+2) exp) Z, 0:fi (c2)f
“IF p(X12) GLIM then fit2)="(z)5it0
Then expected complete log ikelihood
(R0 w2)en = 2, q(2lo?)log plx, 2169~ A(6)
= 2; 0; (£ 0520}t~ NO)

~Gum 1
¢ 6.": 2,' ef <1]|(%)7‘t(ux/9t) ;.(50‘/\(6)

"M maximnes expected L wrt 6

“Notice Hq ferm does nof depend on 6 ck
6= angmaxy < £ (6,%2)en = argmaxg Z, §@1X) log plx;210) stk VRl g

() QA y"(

, - . TR T . . . R ,'\ 0\

-EM: use mulfiple randomized  inifialinafions in praciice 0@ jog

Dimensignality  reduction
- Find f: ﬂgm_,ﬂgk/g:g'i,m“/" k<M, £(7)=2, X'=9(@) "
minim[zinj re consTruction errof je., mmﬁj SN <9 x,(oul

Principal Component Analysis (PcA)
‘If dafa on/near |ow-dimensional sabSPace/Then axes aof This supspace  are etfective represev\Tqu(on
of the dafa o
- Input dafa D=%x“’1;2‘., X= [:LWJ
-Assume data cenfered , ie, H=n2ZY <=0
-OTherwise  subtract Sample rmean o cenfer
- Sample covariance matrix
Sk N2y, (%"~ ) (X2 1))
“Since cenfered, Z =N XX
-PCA Rlg, inpat X, Xest, K
O Center dafa and scale each axis based on TTa(nMj dofa = X, Xiest
@ V= eigenvectors (X"X)
Q Keep On\y Top e('g(mved'ors Vk
® 2’fes‘l‘ = X+es+ Vk
S Optianally Vi rotdes Ziest back fo subspace Xtess uncenter
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“Principal component
“The it prinipal componenf (s eigenvecor of XX associated with (th faryesf e(genvq[ue Ni
Reall )\'Z)\)_Z...

“M dimensions =7 X Xpm 7 up To M eigenvectors 7 M principal  componers

- Rotation
For any orfhogonal VeR™™
. ROTGTG %(l) - V Xﬁ)
Dprofate  x@= T

 Projection
-Reconstruction eprror
) x9- X Cly
VLS arymmv/ S Nlly=! 2’.2“ Ix9- NTx)vlly
“Variance of Pr‘(yed(ow
Y= agmas s Zt T

Lecture  10/25 PCA, Kernel PCA, Autoencoders, Independent Companert Analysis
‘Midferm up fo nof including kerne| PCA

: qu/mizmj Variance = Minimzing  Reconsfruction Error
NG DG = 3N -G sine T = IGIE=
-Gt = argmin e N2 1RGO,
= I et N ZS IS~ (77¢)°
= Grgmax,, =1 & Z',';" (VT ;(iT.

‘Lagrange. multipliers for PCA
-z sjmmefrl'c
- = argmaxg V2
such that /I\I”zl =)
LG, AY = 725 - A9 )
Vi LE,N =VTe) -7
= 29Tz -23"\
Vl@GN=0 when A=Z
S0 Z €l'9€an|Mes/ v eigenvecrs

S\D for PCA
S X=USVT AeR™™
Uyxn orfiiogonal, cols = left sinqular vedlors of A, cols = eigenveciors XX
- Vi orThqunql, cols = (‘|‘7h1 sinqular veclors of A, cols=ei7envccbrs XX
* Syxm diagonal, diac,om\ls=s|‘n7qlqr enfris of X, 0y. Each o are e;‘genvaluc; for XXTand XX
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- Kernel maps

- Feature maps t kernel Trick = linearie dafa for PCA

: IV’PMT: X/ X-m-r
" Algorithm

© Compute kemel malrix K =k(X; X;) = DX Plx;)

@ “Center K”

8 U=eigenvectors(K), A=eigenvalues (k)
® o = Il:‘," u;

© 2feqy~ 2ok (X:, Xtest)

 Independent  (omponeat Analysis  (ICH)
Cocktail party problem

Sources  mixing 0Obseryation (A

=1
_)Q:-
% ] 3

st RER™  xto=Ast)  yiti-Wxto

ICA vs P(A
PCA
X=Us, VTv-1
Compression /,MeN
Pemove corvelation v/
Remave higher dder dependen(e X
(ompanents : bigger eigenvalug, more imporfance

|CA
- Given  x R N
“Find y=5, W= A"
- Solution y=Wx
‘Remave mean so E(X]=0
‘Whitening Elxx"J-1
“Find orfhaganal W optimizing objeclive

ICA

X=hs, IN"

Compression X M=N

Pemwve correlation /

Remave higher arder dependence v/

Comporents ECiua”y imporfant

-See slides for Kurosis maximization, Fast|(h, whikana Visualizdion

Lecture 1)/0| CompuTa’ﬂ'ond LEarnirlg Theory

‘Exam
- ~70 mean

Usually 0% A



lecture 1I/0| cont:

- Zero train €rror =7 realizable case for trup error
“Low Train eror <7 agnostic case for frue eror
* Theoretrcal Justification for regubrizdiion

“Risk = expected loss over data pains
“0-1 loss = cost of one when mfsdassn'fyiry o poinf

~True ervor (expected cisk)

R0 = Papry (c¥60# b)) C is oracle
‘ TraiQ error (empirical 1isk)
Rb = Pyns (C60# ) XS means X sampled from empicial distribufion

- F:,ZE. ]l(ci(x(i))#h(x(i)))
=02 2(y" £ h(x)

-PAC/SLT made|
“Probably - Approximalely Correct [ Stafistical Learning Theor)
O Generafe X“~p*(x) ¥ p" is an unknown disiribution
DOuce §O-CGYV
® Learing alg picks b =argminyq, R(b)
~Goal: choose h with low 9enera|izom‘0n ercor R(W)

'Hypo’rhesis Tundtions
“True  function *
- Expeced risk  minimizer b= argmin, .. R(h)
Empirial risk  minimizer ?):G'VMf"heH Rh)

-Boundl'nJa R() in forms of Rih)
"PAC learner yields heH, R(k)*0 (approx carvect), with high Pmbabih'fy PlRmx0)%|
-PAC cniterion
P(RIn-RIN|<E) 2 -8
-PAC learner consistent if
e NS
=1\ Such that for any p*
P(RW-R(n)|>€) <8
‘N above is the sample complex@
N finte < H Jearnable
"N is ply in § and 5 7 H PAC learnable

“Sample  complexify
Realizable Agnastic
infe H| N2 £ [oglHi log ) N2 72:(log IHI + log £)
Whinite JHI - N=0(e Vel lag #+lg5]) N= 0k (VC(H) + kg £))
inte H
So that with probabilty 1-5 for all he (with BN we hae B(h\és)‘f:fﬁne 1
(we have |RM)-RUnI<E)”



Lecture (/0] cont.

Proof for finite IHI, realizable
- he€H consistent i R(h)=0
“Pssume k bad hpofne;es h, he with R(h)>$
-Pick bad h P(h; consistent vnfh first Training poinf) € [-&
P(h conS/sTenT with ficst N training Post)<(l )
=Rh)=0

“P(ot least ome I consistent with first N Tmmmj paints) < k (I- E)N by unjon  baund

|H|l| e , feaall [-x<e7
< [Hl g N
- Fix 3, colaulofe N such that |Hle® <3

Lecture (/03 More Learning Theory

“Continue  proof
P(3heH : P=0a RM)7€) ¢ | ([-€)"

<|HI(-€)N

I e ®Y <8
Find N:

Il < e

log I 1og 5 < EN

N 2 & oyl + 1op 3)
Then with Probablhf 48

IheH, RW) 7€ A R(\w)
i.e. with Probablhfy 7’ 8

Vhe, R(h)?& 7 R h)70
~7VheH R(M=0 =7 Rk <E

PAC bounds for finfe model classes
Haussler bound

Vh, é(h)=o =7 R(h)<E* J,g(lnlhlﬂ,, —g)
'Hoeffdmy bound

Wh, [R-RWI< €= [ (it 2)

“Bias-variance tradeoff
P(IRM)-RW|ZE) < 2JHI e 2ME" < §
- Equivalently, with probabl)u’ry zJ-3,
|h“‘"+|ﬂ 3
Rl < Rn) + (MM )

im
bias varidan®e

-# decision frees depth k

“He=# bmary decision Trees depfhk H,= l H=n e Heey
L ’szHk/ Lo= l/ L s |091r\+2Lk. —dhe, Lk (251 (H’lo’ n)‘H



Lecture /03 cont.

Plug info PAC bound

In

m 2z 2; ((Zk-l)(lﬂoyln)w‘l'flogl%)

“Bad, expanential in k
‘But m dala PoinT5=7(1T mosT m |eaves

# decision trees with k Jeaves
=1 binary decision frees with k leaves
H,=2, H=n Z5 BB = n¥'C,,
- (Stirling)  Hy € n*” i

- Comparison

Depth k = log, He < (k-Dlog,n +2k I linear in k

'k Teaves ¢ log, Hy = (2%1)(1 +ieg,n) exponeritial in k
 Shattering

"HIST = sef of splittings of dataset 5 using concepTs from H

‘H shatters S if |HEs)) = 2"

"VC-dimension of hypathesis space H is the codinally of fhe Jargest set § that can be shatfered by H
VC(H)= ™ Is):H shatters S}
If arbitrarily large finife sefs can be shattered by H then VC(H)=o0

‘To show VC[H)=4,
- Show 35, I51=d, H shatters S
-Show S, |s|=dtl, H shattes S
-Fact. H finde =7 \JC(H) ¢ |og JH]

SLT Corollaries
Realiable Agnosﬁc
ﬁY\iT(? “_” For 870, prz1- 5 vy,:ﬁ(hko/ For 870, pr Z|-35,\th,

RiW< y [Inbi + n §] Rlk) < R+ [3n [t tin ]

Infinite H] ~ For 870przis,ih:Rib=g For $20,pr21-3 ¥,
Rih) <0 (NLvetintess) + '"("%ﬂ) R(k) < R+ O [& vetritin ;])



Lecfure 1) /08 Bayesiom Networks

' Bayesian nefworks

“Directed dcyclic graph, n0des=(andom variables, edges = dependency assumptions
- Px, - %) = T2 plxi | Parenﬂx.'))
(<

X, Xz, %3) = P(x)) Plx)x) P(%sI%) = 4 \
P 3) s & ®

‘Midd ground between full independence and full dePendence

-ConsTruction
@ |dentify the random vgriables
® Defermine the condifignal dependencies
*Select an ordering of vanables < changes network subsfantially!
‘Add them one af a time
“For each new var X, select minimal subset of nodes as parents such that

X s I'ndependenT from all ofher nodes in the current nefwork given its parenTs
@POPu\aTe the conditional Pmbabflif fables

~Vsing demsﬁy esfimalion

-Markov blan ket
Al parents, children, co-pacedts of children
‘In a Bayesian network a variable is condiﬁ'onally u'ndependen’( of all ofher variables
gven ifs Markoay blanket
@Z/ ,/© B's markov blanket: E,A
k@;,@ A’s markoy blanket: B E,T,M

@

- d- Separon‘t'on

-When are Two variables independent of €ach ather?

"X and y are d-separated given set of variables 7 (possibly empty)
if x and y dre conditionally  independent given Z

' I(x,glz) dencfes the above “Condifional ndependence

‘Variables that are nat d-connected are d-separated

- Rules
OIf Z emply, x and y are d-connecfed if Jpath between them withouf collider
©x and y are d-connected qiven Z if Jpath befween Them without collider nor member of 2
G If 2 confains callider o ane of 115 descendants, and no ather node from 2 an the pathy, then if a path

befween x and y conkins this node ﬁwey dre g-copnecfed
collider

& OO

'(O\qsa\n‘j warm’ng ®—=>® = P(p) PBIA = P(A8) = P®) PAIB = B> ®



Lecture 11710 Bayesian  Nefwork Inference

-Inference
- Enumerdtion
‘Stochastic inference
“Vaciable eliminafion
Tree conversion

- Enumeration
“Sum over all possibilities for gther vars
- Exponential runtime
~Reusin9 calcalations (like dynqm(c ijramming) may he\p
‘But # possible assignmens still exponenfial in unobserved vars

-Genera|  querying of Bayesian nefwarks is NP- complefe
‘Reduclion from 35AT

'Three ,a’er
W 00 % P(xi=l) =05
0 90 P (x=1)= XV V¥
\g/ } PlY=)= x AX A%

PY=) = safisfiable
3 not safisfiable

-Stochastic  inference
Sample the joint distribution To obfwn passible insfances
O Sample free variables (3 since acyclid
 For every other variable,
if all pareats sampled,
sample based 0n conditiona) distribuifion
- Example, P(813,7m)
“N=# samples
‘Ne=# samples where J,7M halds  ( condiion)
‘Ng=f samples where B 7™ holds ( J'ofm‘ )
N/N 2P (3,+™)
‘Ng/Nx P(8,7,7M)
50 PBITM) = T *
“Problem : only Samples where condition  holds are wsed, huge waste
-We can fix that!
- But problem: fixing changes disfribution, consider
5 P(8=11A=1) = 0.09)
®-6 P (B=01A=1)= 0.999
P (8=/1p=0)= 0.5



Lecture 1]/10 cont;

“Weighted sumpling, P (817, =) example
‘ quyf Jel, Me0
-Sqmple as befure
‘Let w= P (B) v(E)vi®),),~m) be the weight" of The sample

~Rlg
: NB/ Ne € 0,0
~Sample. joint w/ fied T M.
~Compute weight w  of sample.
: Nc < Netw
ol B=l, Ng« Nptw
- Rfter many ifecationy, owTput P(Bl];"M)x Ne/N,

Variable elimination
Store ond reue P(Mla), P(Tla) & /F
- H\j # Vm
‘Let e=evidence (known variables)
‘Let vars = condifional probabilities derived fram network in batfom wp reverse order
- For var in vars
factors & make- factors (yor,e)
if var hidden, Creafe new facfor by summing ~ ouf var
“(ompule the praduct of all facfors
‘Nor malize
'(omp\exdy Now depends on higherT m-deyree

Polytree
“No fwo nodes have more Than one direcfed path befween Them
- (onversion by cluﬁ‘en'ng , 3 g linear in  Pumber of nodes
- Bat Conversion can resulf in exponential increase in CPT size



Lecfure 1I/IS Hidden Markoy Models

-Limitations of BayESiQn nefworks

~Cannet account” for Temporul/sequenee  models
‘Must be DAGs

Hidden Markoy models HMM

-Mode| set of observations with a sef of hidden stafes
- Hidden stafes qenerate observations
-Hidden states “fransition to other hidden states
‘Fix a set of sfafes 15, .., 5}
‘In each time poinf we are in exactly one of These stafes ¢
“Fix M +the pmbabili’ry we starf ot stafe 5
“learn Trunsition probabilify madel P(qe=5i19¢-=5)
’ MquOV PmPerTy P (Qtff Sz'l?t =S)) = Pf‘lef‘il‘it:% 1{*I=sk)
' Fix a sef of possible oufputs 2 (the obseryations)
At time t, emit symbol 0EZ
“Learn an emission pmbqbilny made| p(ot=cr|s;)

"HMM  jnference
Camnot ook af abservafions < eampute  P(Q), Plge=s)

“Have abservations only care about last ctafe =7 compute P(Q10), P(qe=5i10)
“(are abouf” enfire path =7 compufe argmaxq P(@10)

*Example dice game

o})@&ﬁ' '\"5

lef Q = any path endfny in A
' P(Q): P(‘[a,‘h,“‘/ e, P) = PPIg), %) P(g1,9¢-)
= P(N?f-l)P(?l, 5 9¢)

= P(Al9e+) - P(9219,) P@)
-Plg=n)=Z P@)

Y28 ferms!
lef p, = pqe=s)
. P'(l')z T

: Pdi):Zj P@«519¢.5) Pe-1(3) } COmp MT' n9 P(Q) ef\ﬁCl‘?ﬂﬂy

“Dynamic  pragramming 0(n*t)

‘Limit theorem for Markoy fransitions
-If we see no observafions, fransition malrix STn'cﬂj posifive,
then limy a0 (P =6, ie, sfarting paint” doesn mafter



Lecture /IS cont:

' (OmPvﬂins P@I0) and P(q,=5i]0)

~Transition probabiliy 0;; =Paesi) 9¢-1°3)

- Emission probability”™  bifo,) = Plogls)

" Py = PP P@I4)P@IL) - POt PR PlRl) - Plaeli-)

P(O) P(0)
- To compufe P(0),
let o ()="P (0,0, 0t Aq¢=Si)

- Then ey (V)= Z, P(0,.-0¢ A=5A 0¢ 4 A §S1)
: ij P(Otﬂ’\qfﬁ:Si 'Q'“Ot"‘lfsj) P(O. ~0eAQe=5))
= ij POen 19¢47%) P(qtﬂzsfl‘ft:‘;)blt( ))
=2 b(O¢+)) 9 e ()

: 50 P(O) =2Z; o (9)

NoTe P(%Sel 002, 0¢) = %:r—i‘()))
- Complexity
Pla)=0k)
"PlIR)= 0¢)

P©)=0(n¢)

Computing  P(Q10)= drgmaxq P10
Lot 89 =g, Pt nte=in 00 “path . Tt ends in S oufputs O ...0¢"
Then §,(0=T; b0)
and  §e0 (0= 5% P, 96 Men 50400t )
= T 80 () PQen=511%5) P Oen] 9en")
= 8l)) % bil0en)

“Vliferbi Algorithm
P(@*10)= argmaxq P(Ql0)
= path defined b) argmax; 8¢ ())

Lecture /17 Learmn9 HMMs

- We will learn transifion and emission models
Set of states usually domain knowledge

“Initial  probabilities
7 = argmox,, T’; M) T, P(2elteq) k=# sequences available from Tmimn9
= argmaxy T, T@)

“ Transition pro babilities
a” = angmas, T W(q')]T;l P e !9¢)
= argmar, T, P(q<lq¢-1)

“Rbove assumes we have sfafes, but  stoes usual‘y nof known =7 EM



Lecture [I/17 cont

* Forward- Backward
- Forward D¢ () = P(O,A- A0t A qe=)
‘Backward  Be) = P(0enA -AOT|qe=5)
- ZJ o b; (Otfl)[;tﬂ(nj)

_ WP :
’ P(q{=$.‘|0,,~~~,01-) - Sj&t();pf()) - St(‘)

Placs tursloy - or) - Aol W be B 2 (g )
‘E step

Compute S¢l) and S¢(43) for all £ |$tsn, |2k, 1< j4k
"M step

'(omPu‘fE emission Probabl'/iﬁEJ‘
Let Be() = Zy,..; 9e(k)

Then - Byl
b)) 30—
-Compute Tfransition probabilities
ay = n (i)
2 (k)

where  A(5,j) = Z¢ Sel(b))

'CompleTe Em  (Baum Welch)
“Input
* Obseryations O, .-, O
- Number of statfes, mode|

- K\
GQGWZSS initial fransition and emission pammeters
@ Until Convergence
Compu\‘fe E

Compute M
® Output  complete  model

- Advanced HMMs
- Factorial HMMs
" Input-output  HMMs
“Dynamic  Bayesian Nefworks

-Facforial  HMMs
“Decouple  independent stafes
‘M same as HMW
'E hard, can be exponential in rumber of stafey, usually use Sampling (Morfe (arlo)

'lnpu’[—om‘pu’r moade)
- Stafic input: input  lager only affects fransition Probabilih'es

p(Q,0M)= Q) p(olg) Te el R)P(0clge) where R is  jnput



Lecture 117 cont:

-lnpm‘f ~owtpuf HWM  [earnin
-Learn new frunsition fable for each R (note emissions same)
- Oufput can also depend on R

'Dynamic Bayesian Networks
“BN doesnt allow for feedback
CP(X)=T; p(xl|Pabxy)
" Repeat the nefwork quer time slices

Lecture [1/22  Markoy Decision Processes

‘HMM  and  MDP
HMM S - Sz—?Sg - -..
L3 v v
0 0, 03
MOP G.NQz \)QSN

S S PS> -

* Minimax
Vi) = " V(s) where s'= result(sa)
a= angma< \/[s’) where 5= result(5,a)

- Chance node notation
Us)= 250 P6)VG)

“Expectimax : minimax, replae  min with chance
Ws)= Mg Zs:[P(sTs,) V(s))

Markov  Decision Process

- Set of sfafes s€5

 Set of actions a €A

+ Teansition function T(sa,57), also called model or dynamics
PGl s,9)

- Reward function R(sa,s), somefimes R(s) or R(s)

- Sfart state

'qube terminal stafe

“Nondeterministic  search problem
- Solve  with €9, expectimax

- Markov  assumption
P(Sen=s' 5¢75¢, AF%e, S Sy AL =% -, Sy=5)
= P(Sea=s’ ’ >¢= 5{, At=9¢)



Lecfure 11/21 cont,

. Policies

T S—A

- optimal If magimzes expected ulilits

- Explicit policy defines peflex action

-Expectimas “doks NoT  compufe entite policies
‘Only finds acfions for a single stute

+Recursive  Expectimax
(s)= max =z, P(s'Is,a)[ R5,957+VUs)]

“Discountin
Values "of rewards decay exponentially, multiply ¥ per level
“Sooner rewards

- Pro bqbly h.‘gher uﬁla’ry than |afer rewards
Helps  convergence

\Jhat i the Game lasts forever!
* Finite horizon, up to T steps
- Gives nonstationary  policies
-Discwn’rmy 0<o<|
“V(Cre ) fod)= Z ¢S ¥ & EI“;
- Smaller & means smaller horizon/ short term  focus

Value feration
O Vo(5)=0
@ Repead‘ unti) convergence, eﬁpecT(max from each state
e (8) & max 3 T(5,0,5) [ Rsa,s)1YVG))
(O(SIH) (omp\exi‘y each 1ferafion

“(onvergence of \i
“(ase 1 free has mox depth M, then \ has acfual udfruncated values
“Case Z: discount (l/ then

Lecture

5,

view Vk, Vs a5 almost identical  depth kel expecimax result frees
except Vs boftom is all 05, \Vkyy s bottom has actual rewards

Last lager af best Rmax at worst Rmin

But dc’scounTin9 =7 at most K max IR qparT =7 converge as K increases

/29" except it was 2020 Fecordmj

S/
N

s ¢ state \/ ™ (5)= expected wlilily  starting in s and acting aptimally
G q-state Q*(S/“) = expected v\‘h'm’ sfmr1in9 in g qum3 action a, then acT«‘n7 vP‘h'ma"]
(5a,5"): Transifion T7(s) = optima\ action from state s



Lecture /29 cont

- Recursive  value  definition;
. V'(S = max, Q"G
QG = 2. Tas) [R(s,a5)+3Vs7)
- N (s) = max, Zo/ Ts0,5°) [Rsas5)+8 V)

'(ompu’ﬂ'ng acfions
- Given Q—vadu\es/ )'mT p;'ck Iaryerf

“Given values, perform palicy extraction with mini expectimax
T*6)= argmox, 2 Tis,a,5) [Risa,5) ¥ V(s))

- So |Vm_9 MDPS/ Two qpproa\ches

-\Jalug  iferartion t policy extraction

VD Vg (5) & Mg = Py(s’ls,o\) (Reas)H YWY s unti] converyence
"0 M) « I, =, Pislse) [Risas5)+ ¥ V6]
Palicy  ieration = policy  evaluaction +policy jmprovement

*0 Vign ) = Zg P(s'I5T0) [R5 Ts)TIVEE)] s utl convergence

e:® Toew(s) = Argmaxg PGs‘I s a0 [Rea,5) +¥ U™ s)) Vs

Repeat ©,® until palicy converges

: S\AMMW‘y
“Standard expectimax  \/ (s5) = maxg Zgr Pls’fsa) V(s)
Bellman eqwﬁons V¥s) = maxa S Pls'ls,a) [R(s,a5) +¥ V(s9)

Valae  iferafion Ve (5)=Maxy Z5: P(s 1sa) [R(sa5718 Vi (57)
- Q-iteration QG0 = 2 PG'Is,) [R (s/a,50 ¥max, Q k(S',QQJ
: Po\fcy extraction Ty G)= angmaxg Zor P(s'ls,0) (Ré,a,5) T ¥ V(s)]
' Pa\f(y e\mMmT(on V;,.(S) = 25' P(S’IS,TI(S)) (Q (s, me)s’) +(V,T! (5)]

*Reinfurcement  learnin
- Note that solving ™MDPs is all offline

‘What i tunsition and reward functions nat known, must be learned’!
- (ancepts

"Explorafion fry  unknown acfions To get informethon

“Exploitation : QV?nTquy use what you know

Reyref : misfakes will be made

‘Sqmp\l\nj L rhust Tf‘y mpea‘fed‘y becawse of chance

Difficalty learnir\9 con be wady harder Than sqlw‘n] knawn MDP
. Frame work
’ S
state ; AWWL actions
roword )
Environment

All learning  based on dbserved samples of  duTeomes



Lecture 11/29 cont,

‘Mode| ~Based Learnin
-Learn approx mode| based on @xperiences
. Salve for values as if learned model correct
Olearn empirical MDP Model
- Count oufeomes for each (5 a)
- normalize o esfimafe T (s,a,5)
" discwer each R(5,a,5) when experiencing (5,a,5)
0 Salve the karned MDP

“Sample based  poliy  evaluation
Vi © < Zo T 6,15 (R 6701 Y V()]
Instead, sample and averuge
sample, = R (576,50 £ § V(5]
Vi 6)= % Z; sample;

- Temporal  difference learnin
. Learn from every (s,4,5r) experience
'Like|y s/ aufcomes  confribufe  wpdaifes more o ffen

‘Note palicy is fixed, just doing evaluation. We  shift values
- Camponents

- Sample VB)  sample=rt ¥V (s)

- Update V() VT(s) «(1~ o)V (s) + & sample

< Same updafe V() € V9t & (sample- VT (5) .
or VT6) < VTs)-oAVerror  where  Verror=3 (Sqmple-V"(S))

“Q-value learnin

'TD value learning above: model free poliy evalualion, but how o get a palicy?
-learn Q-values insfead of values =7 then “action selection is model free too
- Q-value  (Teration

- Qfs@) =9

Qe 559)= 25" TGa,5) [R(S/Q/S')“"\d MAR g/ QK(SI/Q')J

y’{\of known,\

+ Compule awrage a5 we go

- Qlsa)x r Y Maxy QE)q)

- But need to average Quer results from 6,9

50 Qfs@)« (I~ «) Qs t (rt+x m““q/Q(s’,qDJ

- Q-learning properties
- Off-palicy learnin

*Q-learning camerges fo optinal policy even if acling  suboptimally
- Caveats

“Must explore  €nough

- Must QUQV\TMHy make \€arning rafe small endugh bt not decrease  t Too (lu\(ckly
But in the limi, doesn't matter how aclions are selected



Lecture 11/29 cont:

-Exploration vs Exploifation
‘ E—yt‘eedy exploration
"Each time step, act mndom\y with pm\oabiih‘yz/ act acwnding T cufrent policy with pmbabiln‘y |-€
*But random actions problematic
- Everifually explores everyThing  but  keeps ﬁvmshmy avand When learning done
“Fix: lower € ouer time
- Another fix: explorution functions

+ Feature - based learnin
Safe space huge =7 use feafures instead
Vwb)= Z8 Wi fi(9)
’ Qw (S,Q) = Z,h:n' Wi Ft’ (S,q)
* But stafes which share feafures iy be very different in value
“To update The linear value funchion
Wi e Wit A [R(s,q,s’) 1Y maxy Qu (5)0") = Qu GA)] %
“Qualitative ly N Fi(s, )
-Pleasant surprise 17 weight tve features, Vweight ~ve angs
: Vnp\qum‘ Surpr[sg : LWQ(7M tve feqlures, Twe(,hﬁ R dUnes

“Approximate  Q-learnin
Q) = 2%, wifils,
- Transition = (S/q/s’/ r)
- diff =(r+¥ M Q(s5a%)] - Q59
- QGa) « Alsa) tx dif f exact §
Cw; e Wit dife fis e approx @
« Farma) J’Mgﬁﬁco\‘h‘ov\‘- anline least squares

'Ml‘n{rniu‘ny error .
“emor(W) = 3 (y- 2, W fi)
(2EEY = (Y- Z, W hiel))

T W Wt & (Y- 2 we T ) £ ()



Probabili?
P(AvB)=T(A) P(B)-P(ANB) "wm%iolr?

PRIB,C) = PAIC) (A 18ICY nipmios ot €

P(A,8)=P(rIB)PB chain fule
PRIB) = FERRE Bayes rule

P(e10) o P(DI6) P PosTerior ot ikelihood: prior
Oe= “76 P(DID) MLE
Omnp = qr;emax PDI0) P(B) MAP

Classifiers

e9 kNN
"nSTan(E-qued : u‘Ze observations directly
€9 Bayesian network

: Genem'hve * generative s?efc‘s‘r(ml madel ! P(XIY)

e9 decision tr

Discrimipative
kNN : ma)ori’ry vafe on k “closesf"poinT;

Nave Bayes: P(X!y)= AT ps (xly)
Note Py)X) needs P(Y)

Pseudocounts: add x- T, %=0 sam‘ole;

H(X)=Z - PX=9log,P(X=0)  (enfropy
HE0=Z PO HYI XD entropy
1GIIX)=H-HUIX)  ganso y Somen
Ftx, +0-x) < t Fx)1(-OFXK) Tensen inepatty

£ convex, 0<t<|

o . Split on attribate
D(’CISIOVI Tf?@ |D3~mqw‘m‘am] information gain
] reduce vafiance randomyy drokming
Bagging: satusets with replacement
, bagging t use subset of features of
Random Forest’ each tree node

Linear Regresr[()ln 'Y =i;o W ‘ﬁ"(xl -

QMLE = @Tf) §i‘j

a0 *%% il not

Sigmoid’ g(h)= W

“Ply=01x;8) = gw™) = ,;ew

PE=1IXi0 = |- W™

Lagistic regression: o e e

LUy Xiw)=2ZE2, Y: In (9B ) +0-) In (9 6jw)
- ; . L min Zwi

Reqularization : T : min ;1w

SUM e
min,, vflr +22,Cg;

subject To
¥xi in class ), wx+b2|-€;
Axi in class =1, w'xtb £-11;
V[ , & 20
C—6o, hard margin, fored |inew sep
AS Cc0, soft margin

-'d.'redly estimate decision bow\dqr),

st «20

Logrange mutfiplier 5%z5

True error= bias + variance

miny max, xt-of(x-b)

AdaBoast: iferatively reweight inpulymore weight o hard prediclions
'BoosT(hj increases  (confidene) margin even after tain eror =0

Distances ©D(,8)=06,/ @DO,M=0QDAL=0 iff A8 @DAB<DRL) +)C,8)

Minkowski® d(%,3) = (22 -wl")*

k-means/

Clagfening? hierarchical (#0ie 5, partifion (micire wadel)

Gawssian Mixture Model  p(x)= ZK, P(x12) Pe=l) where Pixizeet) N2

EM
E: EZIX,G‘“ [i?] = P(lﬁ)ﬂlxm,em)
M argmay, Eqyy g (2.(010)]

GMMt hard  assignment = k- Means

Calcalus

%—3— = ?7%: g'y#,. qem:lrmar
numeetor [ 3% -+ | 15 anpore

Ll -

Numerator Denominator

5 . layout lqyou‘f
7V In In

2. q" In Iy

3 tV tIn tIy
ziv W 7
ZaT iy U
2.3% W (A
ZIA V(A (A7) ¥
2 A A N

% A N A

ddT flgte, hte)) % gfﬁfgﬁg—‘,’c —same
foo-s) 70 %S & same
ffgo) a5
afan) 5% RO
2egoie) Naaw  L%«%X



LEqrnin9 Tbeoy . Rl fwe error Rl 4rain error PCA

: : ‘Rlways cedfer dala by subtracting sample mean
| R@G“Zﬂb}e. Ag“(?ST‘C He l—.\f’::u i(')=6/ 5 - LXx J P
Finite |HI Nz g[lOS;AIHl‘”og 5] N2 35 Iy |H|f'°ﬁ O Cenfer each axis = X Xest
D wp |- R0 7RMsE  wp I-5[Rlh)-Rin| <€ @\-= eigenvectors (XTX)
“?ﬂi ﬁ_z*'\' 3570, wpzi-§ R0 350mp 21y, ® Keep top kK
da, 270N iy o) R0 < RO [ e i) cep P k

log \H, 41H1=7 2xN

. N-0fbwe +hysl)  N=0(& Velhytin3))
Infinite |Hl wp -5 BH07RICE  wp 5, [R-RN)| <

© 2 test = Xtest Vi

X' v

50w 215, R0 5 i Projection (x,V) = gy, V
2ot s ) Ry Reconsiruction Error v*= 0r9max 3% flz0-(omsopglf:
solpliatinggting))  Rey ¢ R+ [RV9nE) , | e s op
Variance of Prgjection  v*= §3igia 5% (V7% )

BN
Pl -¥0) =TT P(x:| Palx:)
XY conditionally indep given 2z iF PlxYIZ)=Pk(z) P(Y12)
“In BN, X_conditionally indep of all ofher var given Markoy blankef
“Markov Blasket = all” parerfs, children, coparents of children
- d-connected rules
02=P=7 XY d-onnected if IX~Y no collider
O XY d-comected given 2 if IX~Y no collder, no member of Z
OIf 2 has collider or collider descendanf, no other node from 2 on path,
if IX~SY has thaf node then §-connedid
- d-separated & ngT ¢~ onnected &7 Xy conditionally indep given Z

-ConsTruction
@ dentify the random variables
® Defermine the conditional dependencies
*Select an ordering of vanables < changes network substatially!
"Add them one at a time
“For each new var X, select minimal subset of nodes as parerifs such that

X is independent from all ofher nodes in the current nefwork given its parerts
® Populate the condifional prababllity fables
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~Using density esfimafion

-Inference
- Envmerdtion
Stochastic inference
‘Variable eliminaTion
Tree canversion
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